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Solving Laplace equation using relaxation method

| tried to solve Laplace equation using mainly information from Pierre Grivet’s
book (Electron Optics) - [1].

There are few editions of this book (1965, 1972). Second edition (1972) con-
tains explanation of relaxation method (page 38).
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More generalized approaches has been drafted by James R. Nagel - [2].
https://my.ece.utah.edu/"ece6340/LECTURES/Febl/ (visited 2023-03-01).

There are also publications edited by Albert Septier: Focusing of Charged
Particles [3] and Applied Charged Particle Optics (part A). [4].

| have also found some ideas in publication of D W O Heddle: Electrostatic
Lens Systems [5] (especially using PC computers to solve electrostatic prob-
lems).

| have also found (brief) description of by - hand solving of Laplace equa-
tion by Bohdan Paszkowski - [6] (Polish edition). English translation of this book
also exists - [7].

I would like to thank many people, who helped me with this challenge. Espe-
cially prof. dr hab. Mieczystaw Jatochowski (supervisor of my master’s thesis),
who enabled me to use SIMION and MATLAB software while writing master’s
thesis about electron optical systems at University of Maria Curie - Skiodowska
in Lublin in 2008. | would also thank to prof. Marcin Turek for fruitful discus-
sion about numerical methods. What is more, my colleague Bartosz in 2012
had explained me general problems with software efficiency. So he had also
contributed significantly to the idea of Liebmann software (especially using C
language).

4 Explanation of symbols in calculations

» P; - i-th mesh node

« V; - value of electrostatic potential at node P;. Unit - [V]

h - mesh step (for example h, - mesh step in z direction). Unit - [mm

* gi+/— - gradient in direction i (for example g1, = % - Unit - [ ]
* irow - index of row in mesh. Values of i,.,, = 1,2, .., size_row
* ieo - index of column in mesh. Values of i.,; = 1,2, .., size_col

Symbols in final relaxation formulae
xyLV_RELAX5_P1_A

* Xy - coordinates (2D, planar)

» LV - Laplace equation in vacuum (no dielectrics)

RELAX_5 - 5- point relaxation method

* P1 - relaxation scheme for point P1 (in general P1 .. P9)

A - mesh type A (in general A .. D)


https://my.ece.utah.edu/~ece6340/LECTURES/Feb1/

w 9 Mesh XY -type A

162 hm 7é hy
13 gradient V outside a mesh exists
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Figure 1: Mesh XY type A




e 6 Mesh XY -type B
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16 gradient V outside a mesh does not exist
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Figure 2: Mesh XY type B




w 1 Mesh XY -type C

e hy=hy=h
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gradient V' outside a mesh exists
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Figure 3: Mesh XY type C




w 8 Mesh XY -type D

171 hm = hy =h
172 gradient V outside a mesh does not exist
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Tmin Tmax x
Figure 4: Mesh XY type D
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9 Example of A-type mesh in ANSI C

Example of A- type mesh in ANSI C program. The mesh is represented by 2
dimensional array of double precision numbers. Rows and columns in mesh
are numbered from 1 (this was my choice) instead of default 0 (as usual in C
language). This choice nas pros and cons. |s is easier to calculate mesh size
(size_row * size_col). Access to each node can be also more intuitive, but logic
in each library function must contain this shift between node ordering styles.

— 0 1 2 3 4 5
Jy+
irow
4 3 18 19 20 21 22 23 3
3 2 12 13 14 15 16 17 2
2 1 6 7 8 9 10 11 1
1 0 / 0 1 2 3 4 5 0
Py T
Gz— G+
— 0 1 2 3 4 5
Gy—

1 2 3 4 5 6 icol

Figure 5: ANSI C - mesh XY type A

* gy— = double* ptr_gX_minus
* grt+ = doublex ptr_gX_plus
* gy— = double* ptr_gY_minus
* gy+ = doublex* ptr_gY_plus
* V =doublex ptr_V

e unsigned int size_row ==

10
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* unsigned int size_col ==

* unsigned int i_row == 1, 2, .., 4
e unsigned int i_col == 1,2, .., 6
* double h_x == 1.0 [mm]

* double h_y == 2.0 [mm]

The following picture describes analogous version of ptr_V mesh, which
can be dynamically allocated on heap by pointer metod. The mesh is rep-
resented by single block of memory. The numbers or rows and columns are
also known, so each node can be also accessed by appropriate index (memory
address).

ptr_V—— | O 1 2 .. 23

Each mesh point has its unique index (let's say icp - (index of central
point)), which can be determined, if we know indices of row and column (i_row,
i_col).

icp == ( i_row - 1) * size_col + i_col - 1 (9.1)

For example for each point of a mesh indices of row and column have val-
ues:

irow ==1, 2, .. , size_row

i_col ==1, 2, .. , size_col

11
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10 Example of B-type mesh in ANSI C

Example of B- type mesh in ANSI C program. The mesh is analogous to A -

type mesh. There are no electric field gradients on mesh borders.

i’l"OU}
4 18 19 20 21 22 23
3 12 13 14 15 16 17
2 6 7 8 9 10 11
1 /// 0 1 2 3 4 )
v
1 2 3 4 5 6

icol

Figure 6: ANSI C - mesh XY type B

* V =double* ptr_V

* unsigned int size_row == 4

* unsigned int size_col == 6

* unsigned int i_row ==1, 2, .., 4
* unsigned int i_col == 1,2, .., 6
* double h_x == 1.0 [mm]

* double h_y == 2.0 [mm]

12




22 11  Example of C-type mesh in ANSI C

213 Example of C- type mesh in ANSI C program. The mesh is analogous to A -
214 type mesh. Just mesh mesh step h, = hy = h.

— 0 1 2 3 4 5
Iy+
7:7‘0117
4 3 18 19 20 | 21 22 23 3
3 2 12 13 14 15 16 17 2
2 1 6 7 8 9 10 11 1
1 0 / 0 1 2 3 4 5 0
Iy !
Jz— Jz+
— 0 1 2 3 4 5
Gy—
1 2 3 4 5 6 Leol
Figure 7: ANSI C - mesh XY type C
215 * g;— = doublex ptr_gX_minus
216 * gy+ = doublex ptr_gX_plus
217 * gy— = double* ptr_g¥_minus
218 * gy+ = doublex* ptr_gY plus
219 * V =doublex ptr_V
220 * unsigned int size_row == 4
221 * unsigned int size_col == 6
222 * unsigned int i_row ==1, 2, .., 4



223

224

* unsigned int i_col == 1,2,

e double h == 1.0 [mm]

14

6



»s 12 Example of D-type mesh in ANSI C

226 Example of D- type mesh in ANSI C program. The mesh is analogous to B -
227 type mesh. Just h, = hy = h.

7:7'0'(17
4 18 19 20 21 22 23
3 12 13 14 15 16 17
2 6 7 8 9 10 11
1 / 0 1 2 3 4 5
1%
1 2 3 4 5 6 Teol
Figure 8: ANSI C - mesh XY type D

228 e V =doublex* ptr_V

229 * unsigned int size_row == 4

230 * unsigned int size_col == 6

231 * unsigned int i_row == 1, 2, .., 4

232 e unsigned int i_col == 1,2, .., 6

233 e double h == 1.0 [mm]

15
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13 Relaxation formula for node P1

13.1 Node description

Left, bottom corner of mesh XY.

13.2 Calculation of relaxation formula

Laplace equation at node P;

v? (V(%y))Pl =0

82V$ 32VI
(27y) + (2731) -0
Ox y
P P

Approximation of partial derivatives of V, ) at node P

%

— Vi—Viy—
P *Viay) i Pl v Rl (R
Oz hy h,> ha
1

Vu—Vi Vi—Viy—
62‘/(3973/) ~ 4hy t - hyly _ ‘/21 - ‘/1 _ g1y—
o ) hy hy? hy

Let us substitute approximations to Laplace equation.

‘/2_‘/1_9131—+‘/;L_V1_gly—

—0
he” he hy? hy

Let us find V3

Vi =7

Vo—-Vi Vu—Wi _ Gl | Gy
B2 02 he | hy

Let us multiply both sides

272
| hxhy
We obtain

Vah2 — Vihi + Vah2 — Vih2 = gra—hah2 + g1y—h2hY

Vi(h2 + hi) = Vah? + Vah2 — gra—hahl — gry—hihy

16

(13.1)

(13.2)

(13.3)

(13.4)

(13.5)

(13.6)

(13.7)

(13.8)

(13.9)

(13.10)



13.3 Final forms of relaxation formula

13.3.1 xyLV_RELAX5 _P1_A

hay # hy
Jiz—, gly— 7& 0
_ VthJ + V3h2 — glx_hgghz — gly_hihy (13.11)
1 — .
hZ +h2
13.3.2 xyLV_RELAX5 P1_B
hy # hy
giz— gly— = 0
Vghi + Vih2
=—Y 7 (13.12)
hZ + h2
13.3.3 xyLV_RELAX5 P1_C
hy =hy =h
Jiz— g1y— # 0
Vo+Vi—gra—h — gry_h
Vi = 2+ V4 912 g1y (13.13)
13.3.4 xyLV_RELAX5 P1_D
hy =hy=h
9lz—> gly— = 0
Vo +V,
V=22 (13.14)

17
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14 Relaxation formula for node P2

14.1 Node

description

Bottom edge of mesh XY.

14.2 Calculation of relaxation formula

Laplace equation at node P»

V2 (Viww)) p, = 0 (14.1)

8QV(J: Y) 82V(J: Y)
~ 2y - 14.2
( Oa? P ! Oy? P ' ( )
2 2

Approximation of partial derivatives of V{,, ) at node P,

82‘/(96’3/) N V3h_IVQ _ Vzh—zV1 B Vi + Vg, 17 (14 3)
D2 ~ ha B h2 '
2
Vs — Vs Vo—Vay—
Vi) . sl Y _Vs=Va  gay- (14.2)
0y? . hy hZ hy
Let us substitute approximations to Laplace equation.
Vi+V3—=2Va Vs—Vo goy
+ — =0 (14.5)
hy? h,? hy
Let us find V5
Vo =7 (14.6)
Vi+Vs=2Vy V5—Vo  goy-
= (14.7)
h2 h? hy
Let us multiply both sides
| -h2h:, (14.8)
We obtain
Vihi + Vsh2 — 2Vah? + Vsh2 = gay_h2h,, (14.9)
Vo (B2 + h2) = (Vi + Vs) hl + Vshi — gay—h2hy (14.10)

18



260

261

262

14.3 Final forms of relaxation formula

14.3.1 xyLV_RELAX5_P2_A

he # hy
goy— # 0
(Vi + Va) by + VshZ — gayhZh,
2 h2 + h2
14.3.2 xyLV_RELAX5 P2 B
he # hy
g2y— =10
(Vi + Va) hi + Vsh2
2 h2 + h2
x 14.3.3 xyLV_RELAX5 P2 C
he =hy =h
Gay— # 0
Vs = Vi+Va+Vs—goy h
3
2 14.3.4 xyLV_RELAX5 P2 D
he =hy=h
g2y— =10
V, = i+ 1;’3 + Vs

19

(14.11)

(14.12)

(14.13)

(14.14)



265

266

267

268

269

270

271

272

273

274

15 Relaxation formula for node P3

15.1 Node description

Right, bottom corner of mesh XY.

15.2 Calculation of relaxation formula

Laplace equation at node Ps

V2 (V(%y))PS =0

0%V, 0?Vi,
(J;y) T (27y) -0
Ox y
P P

Approximation of partial derivatives of V{,, ) at node P3

Q

Or? +

Vags — V- o
82‘/(9:,;/) = - V;hzvz _ 93a+ Vo—V3
ha I 12
3

Oy? N

Vi — V- Va—V3y—
(82‘/(%31)) TR PR el £  g3y—
N hy B2 h,

Let us substitute approximations to Laplace equation.

93x++V2—V3 Ve — V3 g3y—

=0
ha h2 h2 hy

Let us find V3
V3 =7

Vao—Vs  Vo—Vs _ g3y—  G3ut
n2 02 hy  he

Let us multiply both sides

| -h2h
We obtain

Voh? — Vsh2 + Veh? — Vah? = g3, h2hy — gaasheh?

Vs (h + hy) = Vahiy + Vohi + gsurhaliy — g3y-hihy

20

(15.1)

(15.2)

(15.3)

(15.4)

(15.5)

(15.6)

(15.7)

(15.8)

(15.9)

(15.10)
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15.3 Final forms of relaxation formula
15.3.1 xyLV_RELAX5 P3 A
e # hy
932+, g3y— # 0
_— Vah? + Vgh? + gsphah? — g3y—h2h,,

3
hZ +h2

15.3.2 xyLV_RELAX5 P3 B
ha # hy
932+, 93y— = 0

 Vah? + Vehi
PRz R2

15.3.3 xyLV_RELAX5 P3_C
he =hy =h
93z+5 93y— 7é 0

_ Vot Vo + gsurh — g3y

Vs 2

15.3.4 xyLV_RELAX5_P3 D
ho = hy = h
93z+593y— = 0

VotV
2

Vs

21

(15.11)

(15.12)

(15.13)

(15.14)
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16 Relaxation formula for node P4

16.1 Node description
Left edge of mesh XY.

16.2 Calculation of relaxation formula

Laplace equation at node P,

v? (V(%y))ﬂ =0

82V$ 32VI
(27y) + (2731) -0
Ox y
Py Py

Approximation of partial derivatives of V{,. ) at node P,

V5—V V 7V xT—
(82\/@4})) TR T . _V5s=Vi  gaa—
Py

a2 Iy TRz ha
Vo=V, Va—V;
82‘/(%2!) ~ 7hy - 4hy ] _ Vi+ V7 —2Vy
Oy? o hy hZ

Let us substitute approximations to Laplace equation.

Vs Vi Gaa—  VI+Vr -2V

=0
n2 ha h2

Let us find V4
Vy =7

Vs—Vi Vi+Ve—=2Vy gau
h2 hZ e
Let us multiply both sides

| -h2h;
We obtain

Vshe — Vih2 + VihZ + Vehi — 2Vih2 = gap_hah,

Vi (202 + h2) = (Vi + Vi) h2 + Vsh2 — gug_hyh?

22

(16.1)

(16.2)

(16.3)

(16.4)

(16.5)

(16.6)

(16.7)

(16.8)

(16.9)

(16.10)
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16.3 Final forms of relaxation formula

16.3.1 xyLV_RELAX5_P4 A

he # hy
Gaz— # 0
(Vi + Vi) B2 + Vshy — gaz—hah;,
e 2h2 + h2
16.3.2 xyLV_RELAX5_P4 B
he # hy
G4z— =0
(Vi + Vi) h2 4 Vsh2
2 2h2 + h2
2 16.3.3 xyLV_RELAX5_P4_C
he =hy =h
Gaz— # 0
Vi— Vi+Vs+Ve—gar_h
3
2: 16.3.4 xyLV_RELAX5_P4_D
he =hy, =h
G4z— =0
vV, = i+ ‘;5 %

23

(16.11)

(16.12)

(16.13)

(16.14)
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17 Relaxation formula for node P5

17.1 Node description

Node inside a mesh XY.

17.2 Calculation of relaxation formula

Laplace equation at node Ps

V2 (V(SCW))P5 =0

8QV(J»ny) T 82V(zny) -0
Ox2 Oy?
Ps Ps

Approximation of partial derivatives of V{,, ) at node P

(82‘/<x,y>> it i R R\l
5

Q

8x2 hm h;%

Vs—V5s Vs —V-
<82V(557?J)> ~ ghy B 5hy : — V2 + V8 — 2‘/5
dy? n hy h2

Let us substitute approximations to Laplace equation.

w+%—2V5+V2+‘/é—2V5

=0
n2 n2

Let us find V5

Vs =7

=0

Vi+Ve—2Vs Vot Vg —2V5
h? + h2
T Y
Let us multiply both sides

T

212
| -h hy
We obtain

Vihy + Vehy — 2Vsh? + Vah? + Vsh2 — 2Vshs = 0

2Vs (% + hl) = (Va+ V) ha + (Vi + Ve) b

24

(17.1)

(17.2)

(17.3)

(17.4)

(17.5)

(17.6)

(17.7)

(17.8)

(17.9)

(17.10)
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17.3 Final forms of relaxation formula
17.3.1 xyLV_RELAX5 P5 A
ha # hy,

No gradients g inside mesh are considered.

(Vo + Vo) b + (Va+ Vs) by,
5 2 (h2 + h2)

(17.11)

17.3.2 xyLV_RELAX5 P5 B
hay # hy
Relaxation formula is the same as xyLV_RELAX5_P5 A

(Vo + Vo) h3 + (Va+ Ve) by,
5 2 (h2 + h2)

(17.12)

17.3.3 xyLV_RELAX5_P5_C
he =hy=h

No gradients g inside mesh are considered.
The formula simplifies, so no g and h terms are necessary.

- Va+Vi+ Ve + Vs
B 4

Vi (17.13)

17.3.4 xyLV_RELAX5_P5 D

The formula also simplifies.

Relaxation formula is the same as xyLV_RELAX5_P5 C

- Va+Vi+ Ve + Vg
B 4

Vs (17.14)

25
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18 Relaxation formula for node P6
18.1 Node description

Right edge of mesh XY.

18.2 Calculation of relaxation formula

Laplace equation at node Fs

V2 (V(%y))PG =0

0%V, 0?Vi,
(J;y) T (27y) -0
Ox oy
Pe Pe

Approximation of partial derivatives of V{,, ) at node P

—+

2 he ha h2
Vo—Ve Ve —V-
82‘/(%2!) ~ ghy - Ghy : _ V3 + V9 — 2V6
Oy? A hy hZ

Let us substitute approximations to Laplace equation.

962+ V5_V6+V3+Vg—2V6

=0
ha n2 h2

Let us find Vg
Ve =7

Vo—Vo  Va+Vo—2Vs  gout
h2 hZ he
Let us multiply both sides

| -h2h;
We obtain

Vshiy — Vhiy + Vahi + Voh — 2Vgh = —gsaihah,

Vs (2h2 + h2) = (V5 + Vo) B2 + Vsh2 + goat hah?

26

2 Veetr—Vs Ve—V5
(8 V(mx)) T he T he o Yeat  Vs— Ve
6

(18.1)

(18.2)

(18.3)

(18.4)

(18.5)

(18.6)

(18.7)

(18.8)

(18.9)

(18.10)



18.3 Final forms of relaxation formula
18.3.1 xyLV_RELAX5 P6_A
ha # hy
g6zt 7# 0

(Vs + Vo) h2 + Vsh? + geothah?
2h% + h?

G = (18.11)

18.3.2 xyLV_RELAX5 P6_B
hay # hy
g6z+ =0

(V3 + Vo) h2 + Vsh:
2h% + b3

s = (18.12)

18.3.3 xyLV_RELAX5 P6_C
hy =hy =h
96+ 7é 0

Vs + V5 + Vo + geusrh

Yo 3

(18.13)

18.3.4 xyLV_RELAX5 P6_D
hy =hy =h
g6z+ =0

s+ Vs+ Vg

Yo 3

(18.14)
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19 Relaxation formula for node P7

19.1 Node description

Left, upper corner of mesh XY.

19.2 Calculation of relaxation formula

Laplace equation at node P

V2 (V(SCW))P7 =0

0%V, 0%V,
( 6(24;)) +< (27y)> -0
x y
Py Py

Approximation of partial derivatives of V{,. ) at node P;

Q

_ Vo—Virg

BQV(M) Vghmv7 - h; _ Vs —Vi g1
92 he h2 he

7

Oy? N

(T G o

aQV(x’y) 5 7y;y T 7hy 4 B VZ; . V7 Gry+
- h o Th

Pr v Y Y

Let us substitute approximations to Laplace equation.

Vs—V7_g7$—+V4—V7+97y+

=0
n2 ha h2 hy

Let us find V7
Vo =7

Vo—Vo Va=Vi _gra-  gry+
n2 02 he by

Let us multiply both sides

| -h2h
We obtain

vah?l B %h?QJ + V4h;2r - V7h;%* = g7$7hmh3 - g7y+h§;hy

Vi (B3 + hy) = Vahi + Vshy — gra—hahiy — gy hohy,
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a2 19.3 Final forms of relaxation formula
s: 19.3.1 xyLV_RELAX5 P7_A

ha # hy,

g7z—, g?y—i— 7& 0

. ‘/4}% + Vghi - g7x—h:r:h32/ + g?y—i-h%hy
B (h2 + h2)

7 (19.11)

ss 19.3.2 xyLV_RELAX5 P7 B
hy # hy
97z— gry+ =0

_ Vahi + Vshy,

Vo = (19.12)

h2 + h2
#s 19.3.3 xyLV_RELAX5 P7 C
he =hy =h
g7z—, g7y+ 7& 0
Vi+ Vi — gra_h h
Ve T I R (19.13)
w 19.3.4 xyLV_RELAX5 P7 D
he = hy = h
70— gry+ = 0
WZW;% (19.14)
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20 Relaxation formula for node P8

20.1 Node description
Upper edge of mesh XY.

20.2 Calculation of relaxation formula

Laplace equation at node Pj

V2 (Vi) p, =0 (20.1)

8QV(J: Y) 82V(J: Y)
’ P et L g 2 2
( 92 i + By i 0 (20.2)
8 8

Approximation of partial derivatives of V{,, ) at node Ps

PVow)\ . B Tt Vit Vo 2W (20.3)
D2 ~ ha B h2 '
8
Vay+—Vs Va—Vs
agv(xvy) ~ yZy B Shy _ Vs — Vs + 9sy+ (20.4)
Oy? e hy hZ hy
Let us substitute approximations to Laplace equation.
Vit+Vo—2Vs  Vs—Vg  gsy+
=0 (20.5)
h2 hZ hy
Let us find V3
Vs =7 (20.6)
-2 Az
Ve + VéQ Vs Vs ! 8 _ _ 9sy+ (20.7)
h2 hz hy
Let us multiply both sides
| -h2h (20.8)
We obtain
Vbl + Voh? — 2Vsh? + Vsh2 — Vsh2 = —gsy+ hihy (20.9)
Vs (B2 +2h2) = (Vo + Vo) hi + Vshi + gsy+hihy (20.10)
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20.3 Final forms of relaxation formula

20.3.1 xyLV_RELAX5_P8_A
ha # hy
gsy+ # 0

Ve Vsh2 + (Vo + Vo) hi + gy hahy
h3 + 2h?

20.3.2 xyLV_RELAX5_P8_B
ha # hy,
gey+ =0
~ Vshi + (Vi + Vo) Iy,
0 h2 + 2h2

20.3.3 xyLV_RELAX5 P8 C
he =hy =h
g8y+ 7é 0

Vs + Vi + Vo + ggyth
W= 3

20.3.4 xyLV_RELAX5_P8 D
he =hy =h
gsy+ =0

s+ VetV

Vs 3
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21 Relaxation formula for node P9

21.1 Node description

Right, upper corner of mesh XY.

21.2 Calculation of relaxation formula

Laplace equation at node Py

V2 (V(%y))Pg =0

0%V, 0?Vi,
(J;y) T (27y) -0
Ox oy
Py Py

Approximation of partial derivatives of V{,, ) at node Py

Q

Or? N +

Vor s —Ve _
0*Viay) S Vghggv8 Vs —Vy  gout
I 12 ha
9

Oy? -

Voy+—Vo Vo—V&
aQV(ff,y) ~ yhy B 9hy : _ Ve — Vo 99y+
— Y ~ 5 4 h
Py hy h’y Y

Let us substitute approximations to Laplace equation.

Vs — Vo ggz++V6—V9+99y+

=0
n2 ha h2 hy

Let us find Vo
Vo =7
Va—Vo Ve—Vo = gout  Goy+

h2 hZ hy
Let us multiply both sides

272
| hxhy
We obtain

VShi - V9h13 + Vﬁh:?: - V9h3c = _g9$+hzh§ - ggy+hihy

Vo (h3 + hy) = Vohz + Vehi + gouy hahi, + goy+ hohy,
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21.3 Final forms of relaxation formula
21.3.1 xyLV_RELAX5_P9_A

e # hy

992+, Goy+ 7 0

. ‘/()hg + Vghi + g9x+hxh§ + ng—i-h%hy
B h2 + h?

9 (21.11)

21.3.2 xyLV_RELAX5_P9 B
he # hy
99z+5 99y+ = 0

 Vhi + Vshy,

Vo = (21.12)
hZ + h2

21.3.3 xyLV_RELAX5 P9 C
he =hy = h
99z+> Goy+ 7 0
_ Yo+ Vs + gorih + goy+h

Vo - (21.13)
21.3.4 xyLV_RELAX5_P9_D
he = hy = h
99z+5 99y+ = 0
ngvﬁ-gvg (21.12)
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