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Abstract

This thesis is devoted to the theoretical analysis of phenomena occurring
in nanosystems under nonequilibrium conditions. The objects of the research
are two-terminal nanojunctions consisting of quantum dots with metallic and
superconducting electrodes. The main purpose of the research is to analyse
time-dependent observables and correlation functions describing the system,
e.g. differential conductivity, occupancy of quantum dots, and effective
electron pairing on the dots. The nonequilibrium conditions which can be
applied to the systems are a sudden change in the potential difference between
the electrodes, a quench in the energy level of quantum dots, a sudden change
in the hybridization of the quantum dot with the superconducting electrode,
and the level of quantum dots oscillating in time. Under the influence of the
mentioned perturbations, the evolution of the system takes place, which is
noticed in observables and can be proved experimentally. The analysis of
the above-mentioned quantities reveals the presence of beats in the charge
current, a change in the direction of the flowing current, as well as a transition
between the singlet and doublet states, a type of electron dot configuration.
In periodically driven systems, we observe the appearance of harmonic states,
an additional electron transport channels that contribute directly to the
differential conductivity averaged over the period of the driving. These
theoretical studies are based on Green’s formalism extended by Floquet’s

theory and the Heisenberg equation.






Streszczenie

Niniejsza praca skupia sie na teoretycznej analizie zjawisk zachodza-
cych w nanouktadach w warunkach nier6wnowagowych. Obiektami badan
sa dwuterminalne nanoztgcza skonstruowane na bazie kropek kwantowych,
ktorych elektrody maja charakter metaliczny i nadprzewodzacy. Gtéwnym
celem badan jest analiza czasowo zaleznych obserwabli oraz funkcji korela-
cyjnych opisujacych uktad, m.in. przewodnictwa rézniczkowego, obsadzenia
kropek kwantowych, efektywnego parowania elektronowego na kropkach.
Warunki nieréwnowagowe, ktéorym mozemy podda¢ badany uktad to m.in.:
nagta zmiana réznicy potencjatéw pomiedzy elektrodami, skok poziomu en-
ergii kropek kwantowych, zmiana hybrydyzacji kropki kwantowej z elektroda
nadprzewodzaca, a takze oscylujacy sinusoidalnie w czasie poziom kropek
kwantowych. Pod wplywem wymienionych zaburzen zachodzi ewolucja uktadu
zauwazana w obserwablach, ktorych przebieg moze zosta¢ sprawdzony ekspery-
mentalnie. Analiza wymienionych wielkosci ujawnia wystepowanie dudnien
w charakterystykach pradowych, zmiane kierunku ptynacego pradu, a takze
przejscia pomiedzy stanem singletowym a dubletowym, typem konfiguracji
elektronowej kropki. W periodycznie zaburzanych uktadach obserwujemy
pojawienie sie stanéw harmonicznych, dodatkowych kanatéow transportu elek-
tronowego, ktore maja bezposredni wktad do charakterystyk przewodnictwa
rozniczkowego usrednionego po okresie zaburzenia. Badania teoretyczne opier-
aja sie na wykorzystaniu formalizmu funkcji Green’a rozszerzonego o teorie

Floquet’a oraz rozwiazywaniu réwnania Heisenberg’a.
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Chapter 1
Motivation

In recent decades, nanodevice engineering has become a very well-known
and developed part of the industry. The method of manufacturing nanostruc-
tures offers the possibility of constructing variety nanodevices, information
storages, transistors and other components needed in the high-tech branches.
The breakthrough in the easy fabrication of semiconductors and semicon-
ducting heterostructures enables the experimental verification of theoretical
predictions for new physical phenomena in condensed matter physics. It is
amazing how experiment goes hand in hand with theoretical predictions and
the design of nanostructures. This remarkable development of condensed
matter physics is evident in a growing number of publications in this field, as
well as by its many new specialistic subdisciplines.

Following such trends in physics, this thesis addresses the ideas of the
condensed matter physics and is focused on the processes occurring in the
superconducting nanojunctions. Since the late 1950s, the nanojunctions con-
sisting of the superconductors and quantum impurities have been extensively
studied [1,2]. The preliminary research has been focused on the paramagnetic
impurities and their influence on the superconducting order. It has been
shown that the impurities have negligible impact on the isotropic supercon-

ducting state in the bulk materials [3]. However, it has been proved that the
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CHAPTER 1. MOTIVATION 14

magnetic impurities strongly influence the superconducting order [4-6]. In
nanojunctions, it is known that in the boundary area between the normal
metal and superconducting material there occurs a mixing of those phases [7].

Unfortunately, the experimental examination of bulk materials gives infor-
mation about their macroscopic properties. To observe microscopic physical
processes we need to focus on the study of the quantum impurities. In the
1980’s, the quantum size effect has been observed by the absorption spectrum
of excitons in quantum bozes [8] or in colloidal nanocrystals [9,10]. Those
quantum boxes are epitaxially-grown quasi-zero-dimensional objects made of
semiconducting materials. In 1986, the evidence of energy quantization in
those objects has been shown and they have been named "quantum dots" [11].
Not much later, it has been presented that quantum dots are characterised
by discrete peaks in resonant tunnelling spectra, indicating an atomic density
of states in zero dimension [12|. Since then, new fabrication methods of quan-
tum dots had been developed, e.g.: the electron beam lithography of narrow
quantum wells made of GaAs/AlGaAs [13]| or InGaAs/InP [14], the Stranski-
Krastanow method [15, 16|, application of carbon nanotubes [17,18|. The
easy and well understood fabrication process has contributed to the discovery
of a wide range of quantum dot properties. This knowledge contributed to
the development of laser based on the quantum dots [19], photo-detectors [20]
and also the incoherent light sources [21]. One of the milestone experiments,
performed by Bonadeo et al., was the coherent control, by phase-locked pi-
cosecond pulses, of the excitation in a GaAs/AlGaAs single quantum dot on
a time scale that is short compared to the time scale of quantum coherence
loss |22]. This work has initiated the field of quantum computation based on
the optical properties of quantum dots. It has been shown that quantum dot
experiments can satisfy some of the criteria of DiVincenzo [23| conditions,
necessary for constructing a quantum computer, e.g.: state preparation [24],
state read out [25,26] and coherent manipulation [27,28].

Furthermore, the use of quantum dots in quantum information can be
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based on the spin manipulation. It has been proposed that in the super-
conducting junction with a quantum point contact or the quantum dot, the
Bogoliubov quasiparticles can be trapped in discrete Andreev levels [29,30].
In contrast to the semiconductor quantum dots this type of device has been
called Andreev quantum dot. This proposal of Andreev qubit shows that the
experimental manipulation and measurement of a state defined by spin 1/2 is
possible, which provides the opportunity to quantum computing applications.
Moreover, another theoretical concept of qubit proposed by Nazarov [31]
is based on a superconducting circuit and quantum dot in the form of the
Josephson junction. In systems with the spin-orbit interaction, the two-level
system is realized by the spin state of the electron on the quantum dot and
its polarization can be tuned by the superconducting phase difference across
the junction. Based on those ideas, various families of qubit devices have
been proposed and experimentally examinated [32]: the charge qubits in a
transmission line resonator - transmons [33,34], the gate tunable supercon-
ducting qubits - gatemons [35-37| or combination of transmon qubits with
qubits based on Majorana zero modes [38-42|. This shows that quantum dot
devices have a wide range of applications in the current and future quantum
computing.

Besides the single quantum dot devices, the double quantum systems have
been experimentally studied by the tunnelling spectroscopy using InAs [43-46],
InSb [47], Ge/Si [48] and carbon nanotubes [49,50] as well as by the scanning
tunneling microscopy applied to molecules deposited on superconductors
[51-55]. It has been shown that in such types of systems it is possible to
manipulate and change the state of a single electron [56-58]. It had been
proved that for the electrically isolated double quantum dot the eigenstates
of the system are characterized by surprisingly long coherence time ~ 220ns.
For quantum computation purpose the double quantum dot systems can be
regarded as a kind of qubit [59].

Furthermore, superconducting circuits based on double quantum dot
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systems are rich in the properties of in-gap bound states [47,60-62|, originating
from the ground state configuration with even or odd parity. Due to the
system parameters, the parity change has been experimentally detected by
discontinuities of the Josephson current in S-DQD-S junctions [45,46,63] or
the subgap Andreev current in N-DQD-S junctions [47,63,64]. In double
quantum dot systems coupled to superconducting lead the spin of quantum
dots could create a triplet blockade [63]. This spin locking counteracts
the superconducting proximity effect, what has been reported in S-DQD-
S [44] and N-DQD-S [64] nanostructures. Quantum dot heterostructures
can be studied in terms of time-dependent processes that occur under the
influence of step-like pulses or photon exchange with the environment [65-67],
leading to the post-quench evolution and photo-assisted tunnelling processes.
The time-dependent experimental measurements for the Josephson junction
placed in microwave cavity exhibits discretization of super-current and higher-
order effects such as multiple Andreev reflections and Shapiro-like steps in
conductance characteristics [68-70].

This thesis is devoted to theoretical studies of time-dependent processes,
occurring in systems with single and double quantum dots placed between
the normal metal and superconducting leads. The main objective is to study
the evolution of systems induced by the temporary and long-term disturbance
of its properties such as: rapid change of source-drain voltage or energy
level position of quantum dot, sudden coupling to superconducting lead and
periodic driving of the quantum dot energy levels. Depending on the type
of perturbation, the systems exhibit different ways of reaching equilibrium.
We investigate the relaxation times and associated phenomena manifested in
post-quench evolution, evident in the time-dependent current characteristics.
For this purpose we made use of: Green’s function method, Floquet formalism

and Heisenberg’s equation of motion technique.



Chapter 2
Introduction to superconductivity

The superconductors, as their name suggests, are characterised by perfect
conductivity, which can be observed in specific materials under some physical
conditions. Superconductivity, as physical phenomenon has been discovered
more than one century ago [71]. The presence of perfect conductivity is one
of the essential characteristics of superconductors, playing an important role
from an economic point of view. Superconductors are also characterised by
ideal diamagnetism [72]. In the presence of a magnetic field, its lines are
expelled from the bulk of superconductor - the Meissner effect. For corre-
spondingly higher values of the external magnetic field the superconducting
effect disappear, and the field penetrates the volume of the material. The
value of the magnetic field at which the superconducting effect is suppressed
is called the critical point B.. It happens for the pure superconductors, like
27 metals (e.g. Al, Pa, Th, Pb) which are called Type I superconductors,
having the critical temperature Ty, < 7.2K, below which the superconducting
effect appears. Type II superconductors are made from alloys (e.g. NbTi,
PbMoS, NbN), they are colloquially known as dirty superconductors. They
maintain the superconducting state to higher temperatures (tens of Kelvin)
and magnetic fields, than I type superconductors. The second type supercon-

ductors can exist in a mixed state of normal and superconducting regions,
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CHAPTER 2. INTRODUCTION TO SUPERCONDUCTIVITY 18

called a vortex state. This state predicted by Abrikosov is characterized by
vortices of superconducting currents surrounding cores of materials in normal
state.

In this chapter, we will provide a short theoretical description of the
superconductors and the processes occurring at the interface of different
materials. The following sections (Sec. 2.1, 2.2) are based on the popular

books [73-75].

2.1 Electron bound states of bulk materials

The breakthrough step in the formulation of the microscopic theory of
conductivity had been made by Cooper [76]. In 1956, Cooper showed that
two electrons, interacting on the Fermi sphere, can create a bound state,
called later a quasiparticle or Cooper pair. This state appears in the presence
of the weak attractive interaction. One of Cooper’s assumptions was that
pairing between electrons occurs in the singlet state y = %(| Ny =1141),
which guarantees the antisymmetry of wave-function. In theory, the pair of
electrons can be described by the two particle wave-function in the real space

coordinates 7;
Y(r1,72) =¢q(T1—T2)€iqRX7 (2.1)

where R = (1 +r2)/2 is the center of mass, ¢, is wave-function in the center
of mass and ¢ is momentum of the center of the mass of the pair with respect
to the Fermi sea. One of the Cooper’s assumptions is that the center of mass
of the pair lies in the center of the Fermi sphere ¢ = 0. Making a Fourier

expansion of ¢,, the two particle wave-function takes form
b(ri,me) = 3 g(k)e ey, (2.2)
e

where g(k) is a Fourier transform of the center-of-mass wave-function. The
wave-function of the pair of electrons consists of the plane waves with equal

and opposite momenta.
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Solving the Schrodinger equation for the introduced wave-function ¢ (rq,7)

of the Hamiltonian
“ h2
H:_—2m(vf+vg)+V(r1,r2), (2.3)

where V' (r1,73) is the interaction term, yields

h2k2,

2m

> [%%’2 + V(p)] g(k)e = (g +2

k,l

);g(k’)e““'p. (2.4)

Here, the translational invariance has been assumed V' (ry,73) =V (p) and ¢
is a total energy of two considered electrons. Multiplying both sides of (2.4)

by e*# and integrating over d3p, we obtain
h? i(k' N 1./ i(k'- /
— f e g (KK dp + f D V(p)e ™R (Kdp =
K K
h2k127 i(k'-k)p 43
£+ e g(K"d®p. (2.5)
kl

m

It is important to notice that the above equation has a non-zero solution only
if k=Fk"

f dgpei(k_k’)p = L35k,k/. (26)
Then (2.5) takes form
hQ 2 !
Ek g(k) + > g(K" VWi = (e +2ep)g(k), (2.7)
k/

where Vi = 25 [ V(p)e!FFrd3p.

The Cooper theory assumes that the attraction potential takes a constant
value up to a cut-off imposed by the Debye frequency wp which is order of
kglp, where kg is Boltzmann constant and fp Debye temperature. This
means that the coefficient V. fulfills the following relations:

VLA it |G €| < hwp,
Vierr = (2.8)

0 otherwise,
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where &, = % - ep. Substituting this simple form of potential Vi into (2.8)

we obtain
v ,
(-2 +) g(k) = =75 2 g(K). (29
k,l

Dividing both sides of (2.9) by the factor (-2&; + ¢) and performing summa-
tion over k, yields

¥ 9(k) = 15 %, 50 —0(K). (2.10)

k kk'

The right-hand side of (2.10) contains term Y ;s g(k’), which is generally a
constant value, equal to the left side of the equation. This term can be

omitted, which results in the self-consistent condition

V 1
— =1. 2.11
L3 Zk: 25143 - £ ( )
Converting summation to integration from zero up to the Debye frequency,
yields
hw d
Vf AL (2.12)
0 26 —¢

where v(&) is the density of states for electrons (which practically takes
constant value over the range of the integration). Then, performing the
integration and assuming that |¢| << hwp, we finally obtain the energy electron

pair
£ = —2hwpe VOV, (2.13)

A negative sign indicates that a bound state is formed from attracting electrons.
In other words, the energy of the bound electrons is lower than that of the

free particles.

2.2 Bardeen-Cooper-Schrieffer theory

This scenario of the bound state formed of two electrons was fundamental

to the macroscopic theory of superconductivity. Theoretical explanation of
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the superconducting state was presented by a group of scientists consisting
of J. Bardeen, L. Cooper and J. R. Schrieffer (BCS) and was awarded the
Nobel Prize in 1972. The BCS theory is based on the Cooper model, the fact
that the attractive interaction can bind two electrons with opposite spins
and momentum vectors (k 1,-k |) into one pair on Fermi sphere [77|. The
Cooper result (see Sec. 2.1) implies that many-body system can reveal the
energy gap in their excitation spectrum. For the many-body case, the Cooper
result suggests that the ground-state wave-function Wy could be constructed

of the paired electrons

Wy = (1,2)1(3,4)0(5,6)..0(N -1, N), (2.14)

where N denotes the number of particle in the system. The pair wave-function
¥(1,2) =¥, g(k)errieikr2y is multiplied by individual coefficient g(k). For a
realistic case this description is useless, because ~ 10290 individual coefficients
need to be calculated [74].

In the BCS theory and the second quantization representation, the ground

state of the many-body system was proposed as collection of Cooper pairs

|\I/Bcs) = Hk:k17_,_7kN(uk + ”kélréim)m)? (215)

where |0) denotes the vacuum and wuy, vy, are coefficients whose square are
the probability of empty (Jux|?) and occupied (|vg|?) state with wave-vector k
respectively. In order to satisfy the normalization condition (¥ pcs|¥Upcs) = 1,

the probabilities must obey the following relation
|uk|2 + |'Uk|2 =1. (216)

The wave-function Wy defined in (2.14) describes the system consisting of
N/2 electron pairs, while ¥pog defined in (2.15) is a superposition of pairs
containing the even number of electrons, without fixed number of particles.

Between those two wave-functions a following relation can be written

Upes = AnPy, (2.17)
N
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with the normalization condition Yy Ay = 1.
The many-body system with translational invariance can be described by
Hamiltonian
H =Y &t 3. Vikoo alluyolhigoliotis,  (218)
ko kk',50"\q
where &, = 22—7’;;2 — e denotes the electron energies with respect to the Fermi
level. The second term of Hamiltonian in (2.18) describes electron-electron
interactions.

The binding energy of the Cooper pair depends on the sum of the total
angular momentum of the electrons K = ki +ks, where k; and ky are their wave-
vectors. It reaches a maximum value for K = 0 and decreases dramatically for
other values, implying that the electrons have opposite wave-vectors ki = —ks.
The origin of the attractive force originate from a phonon exchange, giving

rise to an effective interaction. Considering the negatively charged electrons

K—q

A
54 q

o~
/ :
ES)

™

Figure 2.1: Diagrammatic representation of the exchange of a phonon ¢ in the

effective electron-electron interaction.

moving through the lattice of the positively charged lattice ions. The phonon
can be exchanged as schematically presented in Fig. 2.1. In this process, the
maximum possible phonon energy is truncated by the Debye frequency wp
(the crystal lattice is not able to transfer higher energies) and furthermore
the angular momentum should be conserved k + k' = const.

The Hamiltonian in (2.18) can be written in a simpler, reduced form.

We can restrict the consideration to that part which contributes to the



CHAPTER 2. INTRODUCTION TO SUPERCONDUCTIVITY 23

superconducting effect, i.e., the interactive part taking into account only
electrons with opposite spins and momenta. We can replace ¥/ - —k and
k+q — k', which yields

H=Y&ef el +> Viwel el e (2.19)

ko Kk

To determine particular the coefficients u; and vy, we can use the variational
principle of quantum mechanics to minimize the expectation value of the
Hamiltonian (2.19)

§(vpes| D 5kélzaézg + ka'é;tTéT_klé—mék'TWBcs) =0. (2.20)
o ol

The expectation value of the first and the second terms presented in (2.20)

are given by

(pos| Y &el el [Wpos) =2 &luil? (2.21)
ko k
and
(Upes| Y. Viweh, ey cowmiltnes) = 3 Vievgugvpus,. (2.22)
kk' kk’

For convenience it can be assumed that the coeflicient u; and v, are real
numbers

up = cost, and v =sindy, (2.23)
which gives us the variational minimization condition with respect to the

parameter 6 in form

9 (2 > & sin® Gy, + ! > sin 26y sin 29k,) = 0. (2.24)

As a result of minimization we obtain

1
£ptan 20, = -3 > Viw Sin 20, (2.25)
k/

At this step, let us define an auxiliary parameter of the energy dimension

1 .
Ak =— ; ka/UkUk/ = —5 ; S111 2‘9k’7 (226)
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which can be called a gap function or order parameter. Substituting (2.26)
into (2.25) we obtain

A
sin 26, = 2upv = —, (2.27)
E},

where Ej = /& + A2, For completeness, we can also calculate
cos 20y, = uj — vi = g—k (2.28)

Having defined the relation between vy, and uy in (2.16) and their combinations

in (2.27), (2.28), we can obtain the coherence factors in formal forms

ui l(1+§—k),

2 Ey
1 Ek )
2_ —[1-3k 2.2

where the excitation energy Ej = /&7 + A7, Substituting (2.27) into (2.26)

yields a non-linear gap equation

A/
Ap =Y Viw i

7 2/ AL

The BCS theory assumes that the attraction potential takes a constant value

(2.30)

up to a cut-off imposed by the Debye frequency wp. This means that the

coefficient Vj; fulfils the following relation

Vi |6 ] < hwp,
Vi = el lee ¥ (2.31)

0 otherwise,
which implies

A for < hwp,
Ay = 6l < eop (2.32)

0 for |§k| > th.
We can consider the following extreme situations:

e [¢| > A the energy of the particles is greater than the energy of the

superconducting gap and they behave like free electrons,



CHAPTER 2. INTRODUCTION TO SUPERCONDUCTIVITY 25

e |£] < A the electrons experience the pairing energy gap.

Assuming momentum-independent potential (justified in isotropic systems)
parameter A, can be cancelled on both side of the equation. Integrating

(2.30) over energy ¢ in the range +hwp yields

= (0)V /th ﬁ = v(0)V sinh™ (hZD), (2.33)

or

.1 -1 1
A = hwp sinh (V(O)V) : (2.34)

where v(0) is the normal density of states at the Fermi level. In the weak-
coupling limit Vv (0) «< 1 the gap function is given by the expression

A = 2hwpe VO, (2.35)

In the Hartree-Fock-Bogoliubov approximation, the interaction term in
(2.19) can be linearized

VY Gl ey Zcmc MVZ Cori )
Kk

_VZ Cchfkl Zc—k'iék'T + VZ CkTéfkl Z(é—k'lck'T>7 (236)
k k! k k'

where V'3, (¢_g Ckt) = A. It yields the reduced BCS Hamiltonian

HeYgel el - (A Zcmc wt h.c.) : (2.37)
ko

Near the critical temperature the energy gap can be approximated by
following relation:

A(T) ~ A0 /1 - % (2.38)

where A(0) » 1.74kgT¢ is the energy gap for T = 0. In the bulk supercon-

ductor, the spatial range of the Cooper pairs is called the coherence length
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¢s and is strictly connected with the energy gap A. The coherence length

ranges from tens to hundreds of nanometres and is defined as follows

_ fl’UF

€s = A (2.39)

where vr denotes Fermi velocity. The temperature dependence of the co-
herence length depends of the mean free path for the electrons [.. In the
homogenous materials £g << [, the coherence length has form

1.
T.-T

£(T) = 0.745 (2.40)

For doped materials £s > [, the coherence length obeys the following equation

&(T) = 0.85\/¢le TCT_CT. (2.41)

In contrast to the phonon superconductors, we can mention other types
of superconducting phases. For example, the superconducting state has been
found in the heavy fermion compound UGes [78], which is qualitatively similar
to the classic d—electron ferromagnets. In the ferromagnetic superconduc-
tor the quasiparticles responsible for the ferromagnetism form the Cooper
pairs, for which the triplet pairing appears (k t,-k 1) [79]. Moreover, the
superconducting effect can exist in form of FFLO phase (Fulde-Ferrell-Larkin-
Ovchinnikov) [80-82]. In the presence of a magnetic field, we can find a pair
of electrons (k 1,q -k |) in the bulk of the metal, which have nonzero total
momentum K # (0. The external magnetic field induces a Zeeman energy
splitting, the Fermi spheres differ for individual spins, resulting in the pair-
ing of electrons into singlet pairs with total momentum ¢. Furthermore, it
is important to mention about the high-temperature superconductors, the
class of the materials which can not be simply described by the BCS the-
ory. High-temperature superconductors exhibit precursor pairing effects at
higher temperatures than 7. Lately, it has been possible to obtain the first
superconducting state at room temperature, discovered in the mixture of

HyS+CH,4 at high pressure 267 GPa [83]. Experimental results indicate that
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the high-temperature superconductors involve singlet Cooper pairing with a
d-wave symmetry [84], unlike in the BCS theory where the superconducting

energy gap has a s-wave symmetry.

2.3 The proximity effect and Andreev reflection

At the metal-superconductor boundary the properties of both materials are
mixed nearby the junction region [85-88|. The superconducting order enters
the metal in the vicinity of the junction and the density of Cooper pair is
exponentially descending together with the distance from the superconductor
(see Fig. 2.2). The leakage of Cooper pairs into the metal can be understood
as classical particle diffusion, where the pairing (coherence of Cooper pair) is
gradually destroyed by scattering on other particles or lattice ions of metal.
In the Ginzburg-Landau theory [89], the Cooper pair function is described by

following macroscopic wave-function

D(r) = /N(r)e?™), (2.42)

where N (r) is density of Cooper pairs and ¢(r) is their phase.

]

i

Figure 2.2: The visualization of the Andreev/normal reflection at the metal-
superconductor interface and the superconducting proximity effect (marked by

red dashed line) for T' < T, where g denotes the coherence length.
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The electron diffusion differs when particle transport is from metal to
superconductor. In metal, a moving electron characterised by an energy ¢y,
with a Bloch wave-vector k and spin ¢ can cross the metal-superconductor
boundary. When the energy of electron is smaller than the superconducting
gap |ex — Er| < A, where Er denotes the Fermi energy of the metal, the
electron cannot enter into a superconductor as a single particle (the normal
reflection). In other possible process, an incoming electron can be bound
to another electron with opposite momentum and spin, thus forming the
Cooper pair which next propagates in the superconductor. This process,
called the Andreev reflection, happens when the incoming electron with
energy smaller than the energy gap is reflected as a hole with the opposite
wave-vector —k and spin —o. The Andreev reflection involves the electron-hole
transition process [90,91], the reflected hole moves along the same path with
reverse direction as the incoming electron. The incoming electron crosses
the metal-superconductor interface and combines into the Cooper pair with
the remaining electron having the spin and momentum opposite to its own.
In case of |ex — Ep| < A the reflection is dominated by Andeev process with
high probability R4 ~ 1 and the normal reflection may be ignored. Otherwise,
for energies larger than the gap, the electrons be normally reflected (see Fig.
2.3a).

The Andreev scattering can be described by the microscopic approach

with the Bogoliubov-de Gennes equations [92,93|:

Bu(a) = (405 - ) ue) + Ae(),
Eo(x) = (%dd—; . u) o(x) + A(z)ul), (2.43)

where 1 denotes the chemical potential, A(z) is a spatial pairing potential

and ¢ (x) is the 2-component wave-function

1/’1]& = (u)eiik%’, (244)
v
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G = (e, (2.45)
defining the position in the space of the quasiparticles. By &+ and £~ we denote
the wave-vectors for electrons and holes, respectively. In such model, we can
expect different Fermi momenta in the two materials, some elastic scattering
in the electrodes and at the metal-superconductor interface. Assuming that
there is no dissipation in the leads, the scattering at the phase boundary can
be modelled by the delta function V(z) = Hj(x), with a potential barrier H.
At the metal-superconductor interface the following boundary conditions can
be assumed: the continuity of 1 at = =0, i.e. ¥n(0) = 15(0) and its spatial
derivatives h/2m(15(0) =4} (0)) = H(0). Using these assumptions, the few
types of plane waves can be distinguished: ;,. an incident wave, a reflected

wave . p and a transmitted wave tqnsm, having two possible solutions [93]:

1\ . .
winc = (O)QW x) (246)
Vrefi = a(?)eiq_x + b((l))e‘i‘fx, (2.47)
Viransm = c(:)ewm + d(Z)e‘“””, (2.48)

with

hk* =\2m[p + VE? - A2]V/2, (2.49)

hq* = 2m[p+ B2, (2.50)

and the appropriate coefficients: a = wv/vy, b = —(u? — v?)[(H/hvp)? +
iH [hvp][y, ¢ = uw(l = iH/hvg)/vy, d = ivH[vyhvp, where v = u? + (u? -
v?)(H [hvg)?. Leaving aside the elastic scattering at the boundary of those
two materials, the coefficients b and d are zero, which makes the Andreev
reflection out of dissipation of quasiparticles. The amplitude coefficients u, v

are energy dependent and they are defined in (2.29).



CHAPTER 2. INTRODUCTION TO SUPERCONDUCTIVITY 30

The Andreev scattering can appear in different heterostructures, e.g.:
two N-S interfaces combined into a S-N-S heterostructure which form a
Josephson junction [91], schematically presented in Fig. 2.3a. In a Josephson
junction charge current flows without an applied voltage, this is known as a
supercurrent. The intensity of the supercurrent is exponentially dependent
on the correlation length of Cooper pairs, thickness of the normal metal layer
and what is the most important the macroscopic phase difference between the
superconductors ¢ = ¢g1 — ¢g2. For the tunnelling processes the transmitted
wave-function is phase dependent

ids1y ., )52 .
Viransm = C(ue )e“€ Tt al(v6 )e_lk z, (2.51)

(% u

Due to the finite length of metallic material, the discrete levels are formed
in the energy spectrum [92-95]. Satisfying the continuity conditions for
wave-functions and their derivates at the material boundaries (at x = +L/2,
where L is width of the normal metal) the dispersion relation for particle

with energies below the superconducting gap |E| < A takes form

e2i0(E) gi(k*=k")Lpid _ 1 (2.52)

where the energy-dependent phase factor is defined by a(FE) = arccos( E/A).
In the systems composed of high-density superconductors (with negligible
spin-orbit interaction and without magnetic field), neglecting the elastic
scattering and considering the particle energies much lesser than the Fermi
energy |E| < Ep the eigenvalues can be calculated by using the relation
h(k* = k™) =2E/vp. Tt yields

h 1
B = % [27r (n + 5) . ¢] (2.53)
where n = 0,1,2, ..., unless the levels approach A. In the case of Andreev

limit |E| < EF [96], the Andreev reflection probability reaches from R, »
T2/(2-T,)%> at E =0 upto Ry =1 at E = A 97|, where T,, denotes the

normal transmission coefficient. In point contact superconducting junctions,
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Figure 2.3: Scheme of: a) Bound states in a short S-N-S junction with phase-
dependent energy F(¢) below the energy gap A, as result of Andreev reflection. b)
Andreev bound states formed in S-QD-N junction, having essential role in transport

spectroscopy [95].

where the superconductors are weakly connected, the contact region can be
treated as the normal metal. Then, the metal region is much smaller than
the coherence length of Cooper pairs Ly << £s. For energies smaller that the

energy gap |E| < A the relation in (2.52) has following solution
a(FE) = arccos(EJA) = £(¢/2) (2.54)
which implies a simple relation
E =+Acos(¢/2). (2.55)

Taking into account the elastic scattering, the discrete energy levels (bound

states) are given by
5 1/2
E,=A[1-T,sin’(¢/2)] ", (2.56)

with n = 1,2, ...m the number of allowed modes and 7,, denoting the normal
transmission coefficient for each independent scattering-matrix eigenmode in

the normal phase [98,99|. The scattering-matrix 7,, takes values from range
(0,1).
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In the metal-superconductor heterostructure, where the quantum dot is a
barrier between the materials, the Andreev states can also appear (see Fig.
2.3b). Emergence of the Andreev states in quantum dot strictly originates
from the neighbouring superconductor. Their nature depends on the size
of the pairing gap A and the Coulomb repulsion U between electrons [7].
For relatively large value of A, the multiple Andreev reflections give rise to
Andreev bound states [100]. In the other limit, when the Coulomb repulsion U
is dominant value in the system, the Andreev reflections are suppressed [101].
The influence of A and U on Andreev states will be discussed in details in
Sec. 3.1. Emergence of the Andreev states will be systematically investigated
in Sec. 3.4. Let us emphasize that such bound states are well detectable
experimentally. Fig. 2.4a presents the recent results obtained for the Andreev
in-gap states observed in differential conductance of current versus applied
source-drain voltage and Fig. 2.4b shows their behaviour at the different
temperatures.

Moreover, the proximity effect can be found in the different type of
systems, e.g. in superconductor-ferromagnet heterostructures [102|, what
gives opportunity to study the dynamical properties of Josephson nanojunction
with ferromagnet impurities [103,104].

In multiterminal devices based on quantum dots, the other types of
Andreev’s scattering take place. For example, in a Cooper pair splitter device
experimentally realised by Schonenberger’s group [105| and theoretically
investigated by [106-108] (schematically presented in Fig. 2.5), we can
distinguish few types of scattering. The first possibility is ballistic transport
(not presented in figure), which involves the flow of both electrons through the
induced Andreev states on quantum dot, between the left and right electrodes.
A second possibility for charge transport is the Direct Andreev Refflection
(DAR), which occurs when an electron from the left electrode flows through
the quantum dot on which it combines a pair with an electron from the second

electrode (schematically presented in Fig. 2.5a). Then the paired electrons
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flow into the superconductor. The third transport possibility is the Crossed
Andreev Reflection (CAR), which involves the flow of an electron from one
electrode to the quantum dot, on which the electron pairs up with an electron
originating from the electron-hole transition process. In such case, the hole

is reflected to the opposite electrode, what is schematically presented in Fig.
2.5b.

a b
0.8
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04r

di/dv (uS)
di/dV (uS)

0.2

L/\__NJ i
OfF , ¢ , = WSeIVE ¢ , ¢

Vtunne\ (mV) V!unnel (mV)

Figure 2.4: The experimental evidence for Andreev bound states (ABS) in graphene
quantum dot: a) the differential tunnelling conductance versus bias voltage, b)
in-gap states observed for different temperatures: 0.26, 0.45, 0.67, 0.86, 1.25 and
1.54 K [109).

a) b)

Figure 2.5: Schematic visualization of the multiterminal junction showing: a) Direct

Andreev Refflection (DAR), b) Crossed Andreev Reflection (CAR) processes.

We presented a few examples of devices based on quantum dots and
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possible scenarios of charge transport. In this thesis, we consider only two-
terminal nanojunctions with the single and double quantum dot. Their

theoretical investigation will be presented in the next chapters.



Chapter 3

Dynamics of Andreev states in

single quantum dot system

This chapter describes dynamical properties of a single quantum dot placed
between the metallic and the superconducting leads (N-QD-S), schematically
presented in Fig. 3.1. We would like to investigate the time-dependent
processes accompanying the formation of Andreev bound states in the system
caused by the connection of circuit elements to each other. We identify
their features and behavior depending on the system properties and initial
conditions and determine the time necessary to reach equilibrium or steady-
state by the system. Further, we investigate how changes in system settings
affect the Andreev bound states. We analyse the evolution of the system after
these changes, which reveals a number of new physical phenomena. In this
chapter, we present results of time-dependent charge current and differential
conductance, which could be experimentally examined. In what follows, we
investigate the dynamics imposed by: transient effects (Sec. 3.4), rapid
application of source-drain voltage (Sec. 3.5), quench in the orbital level (Sec.
3.6) and quench in coupling to superconducting lead (Sec. 3.7). Moreover,
this chapter includes the theoretical description of the mathematical method

based on the Heisenberg equations of motion technique (Sec. 3.3), used to

35
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determine the time-evolution of the system.

3.1 Model Hamiltonian

The quantum dot (@D) coupled on one side to the metallic (N) and on the
other side to the superconducting (S) reservoirs (Fig. 3.1) can be described

by the second quantization Hamiltonian
]:I:]:IQD+I{IN+]:IN_QD+[:.’5+I:IS_QD. (31)
The quantum dot part is given by

I:IQD = std:f,czg +U TALTﬁi (32)

where e is its discrete energy level, d} (d,) is creation (annihilation) operator
of the quantum dot electron with spin o = {1,!}. The second part of (3.2) is
an interaction term describing the Coulomb repulsion U between the electrons
with the opposite spin, where n, = did, is a particle number operator.

The normal metallic lead is described as the free fermionic gas
HN = ngoé]igékm (33)
ko

where summation is over the energy e, of electrons with wave-vector k
and spin 0. In the system, the hybridization between the quantum dot and
external lead is expressed by

I’AIN,QD = Z Vk (éLo_d/\o' + hC) s (34)

ko

where V) denotes the coupling of itinerant electrons with quantum dot.
The superconducting effects are considered by the BCS-type Hamiltonian
Hs =Y eqotloteo— O (Asetliél | +hic.), (3.5)
qo q
where A,. denotes the pairing energy gap. The hybridization between the

quantum dot and superconducting lead is described by

Hsop =YV, (é,d, +h.c.) (3.6)
qo
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Figure 3.1: Illustration of single quantum dot placed between the normal (N) and
the superconducting (S) reservoirs. The energy level of QD can be controlled by the
additional gate V¢, U is the Coulomb repulsion potential and I'y/g are couplings

to the external reservoirs [110].

with an appropriate coupling constant V,. Assuming this gap A,. as the
largest energy scale in the system, we will focus on the processes in the
subgap regime. Under such conditions the fermionic degrees of freedom can

be integrated out, resulting in the low-energy physics described by [111,112]
Hop + Hs+ Hs gp ~ Y eqdld, + U fiyiy + 75 (dyd; +h.c.), (3.7)

where T's/2 plays a role of the effective pairing potential induced in quantum
dot [61]. For simplicity, we consider the energy-independent coupling I's =

21 3, [V4?6 (e - g4) in the wide-band limit approximation.

3.2 Selected experimental realizations

Presently available techniques for fabrication of nanostructures allow
to create various devices based on the quantum dots. As an example, we
present a few of such systems. The popular way to construct a nanojunction
based on a single quantum dot is STM (scanning tunneling microscope).
Using STM tip one can deposit either a single atom or a cluster of atoms
on a surface of arbitrary material. This approach allows to control the

coupling strength between the quantum dot and the surface by defining the
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distance between them. It gives the possibility to study the bound states
inside the superconducting energy gap by conductance spectroscopy [113].
Another example, Fig. 3.2a (discussed in Ref. [114]) presents multiterminal
heterostructure composed of the carbon nanotube (CNT) partially covered
by superconducting layer (S) of Pb. The carbon nanotube is connected
on both sides to electrodes made of Pd (N, Ny). In the system, SG; and
SG» are palladium controlling gates. The manufactured system presented in
Fig. 3.2a can work as the simple normal metal-quantum dot-superconductor

heterostructure and as the Cooper pair splitter [105|, depending on the

controlling gate potentials. Another example of N-QD-S system is presented

)

InAs/InP N

S-barrier gate

=
il

Figure 3.2: The experimental realisations of single quantum dot system. Panel a)

Sy

Plunger gate

Back gate InAs/InP

NW o

presents the single quantum dot system based on the carbon nanotube [114]. Panel
b) is schematic visualization of the single quantum dot system made of InAs/InP

nanowire presented in panel ¢) [115].

in Fig. 3.2b,c [115]. The middle panel is a schematic visualization of the
manufactured system presented in the right side panel. In this case, the system
is made of the InAs/InP nanowire covered by the gold (N) and vanadium (S)
leads. Under the nanowire the plunger-gate (pg) and superconductor-barrier

gate (sg) are located.
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3.3 Equations of motion approach

For investigating the evolution of any observable O(t) we use the following

equation of motion

.dO(t) _ 1
dt  h

(O, ] + i%é(t). (3.9)

In particular, the time-dependent charge current flowing between QD and
metallic lead jy,(t) can be found from the Heisenberg equation of motion
for the particle number operator i, (t) = é_(#)éxo(t). The current flowing
in the superconducting reservoir jg,(t) and occupancy of the quantum dot
ne(t) = (n,(t)), can be indirectly calculated from the charge conservation law
Lng(t) = jno(t) + jso(t).

We start from the momentum and spin dependent current jy,(t) defined
as the time derivative of the statistical average for the particle number operator
(Mo (1))

ko (8) = =€ o (8) = = (L o (9)]). (39

Substituting the commutator

[ itk (1)] = = Vil ()do () + Vad] (1) (1) (3.10)
into (3.9) we obtain

it (t) = AVl (Do () = Vi (D6aa (1), 3.11)

Subtracting the conjugated numbers z — 2* = 2iIm(z) gives us the current

formula for charge current
. 2e SN A
Jnke(t) = 5 Im (Vi (£)ero (1)) - (3.12)

The total charge current contributed by all electrons is obtained by summation

over momenta k

i) = 5 1 SV 030 (1)), 3.19)
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At this step, the current formula depends on the quantum statistical
averaging of operators (d},(¢)és, (t)), which is not trivial problem to solve.
One possible route to obtain this relies on expanding the operator ¢4, (t) into
sum of the initial ¢,(0) and additional terms, emerging during evolution
of the system. The equation of motion for annihilation operator 4 ¢y, (t) =
i[H, ke ()] (for b =1) yields

d .

7 Cho () + 1€ko Cro (1) = —iVidy(t). (3.14)

We can express (3.14) as a differential equation of the form

dy(x)

dx

b f(a)z = y(), (3.15)
which has a general solution

y(t) = y(0)e Jo f()da" /(;mg(x')ef-f’ J@")da" (3.16)

Thus, the explicit formula for time-dependent operator ¢, (t) takes the form

Co (1) = &y (0)e o eI fo Lt Ve e O (). (3.17)

Substituting (3.17) into (3.13), we obtain the total current expressed by

following equation

Jrolt) =5 ZIm(Vk(t)(dL(t)éka(O)) -i [ tdtfv,;(t'm(txd;(t)da(t'))),

’ (3.18)
where Vi, (t) = VieiJo eke ()4 denotes the time-dependent coupling to the
metallic lead and V;%, (') Vi (1) = [Vi|2e™ Jirera(#d” is o product of the time-
dependent couplings at different times. In the wide-band limit approximation,
assuming constant energy levels in time e, (t) = &4, the hybridization function

th,(t’)vkg(t) appearing in (3.18) simplifies to [116]

. rt " ” - rt ” F
S Vil a0 S pemifiedt” — SN g - 1), (3.19)
k k

where I'y =27 Y, [Vi|?(e — €) is the coupling to metallic lead.
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Finally, one obtains the charge current expressed in the general form

Fo(t) = 2Im | 5 Vi e (1) (0) - S o) | (3.20)

To calculate the current jy,(t) we have to solve numerically a set of cou-
pled differential equations for the expectation values: (7, (t)), (d,(t)d:(¢)),
(dl(£)érs (0)), (d] (), (0)), (dy(t)éx; (0)) and (d,(£)éry (0)). Explicit form of
the individual functions is presented in Appendix A.1. Such method allows
to investigate the time-dependent properties of the order parameter func-
tion x () = (d,(t)d;(t)), which characterizes evolution of the on-dot electron
pairing.

For numerical purposes we use the Runge-Kutta of 4th order, assuming

various initial conditions for occupancy of the quantum dot n, (¢ = 0).

3.4 Transient effects and steady-state properties

To demonstrate dynamics of the Andreev bound states we first consider
their buildup after suddenly connecting the quantum dot to external reservoirs.
Processes accompanying the evolution from the initial conditions to the
equilibrium state, when the steady properties are established, can be regarded
as transient effects. For computational reasons it is convenient to assume
that initially, at ¢t = 0, the quantum dot is disconnected from both external
reservoirs and it is connected to the system constituents at ¢t = 0*. Fig. 3.3
presents numerical results obtained for currents jn;(t), js1(t), occupancy of
quantum dot n4(¢) and the real part of the order parameter x(¢). Imaginary
par of x(t) is negligibly small in comparison to |[Rex(t)|. We observe the
evolution of the system (in absence of source-drain voltage) towards the
steady state dependent on various initial quantum dot occupancy. The initial
occupancy affects the transient currents and the charge accumulated in the
quantum dot over time, as can be seen in their plots. If initially, the quantum

dot is empty, we observe quantum oscillations due to the flow of Cooper
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pairs back and forth between the quantum dot and the superconductor. In
another case, when the quantum dot is initially occupied by a single electron,
we observe gradual filling of quantum dot by electrons from the normal
lead, because the Cooper pairs cannot flow onto the quantum dot. The
relaxation processes originate from the coupling of the quantum dot to a
continuum of electrons of the metallic lead. For the transient currents, the
envelope functions is described by e '~* [117]. We also observe that the initial

occupancy of the quantum dot does not affect creation of an on-dot pairing.
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Figure 3.3: The transient evolution of currents jn1(t), js1(t), occupancy n4(t) and
the order parameter Re x(t), imposed by a sudden coupling of the quantum dot
to both external leads at t = 0* for various initial occupancy (n4(0),n,(0)). The
results are obtained for zero source-drain voltage and system parameters: g4 = 0,

U=0,Tn=02 Ig=1.

The oscillating character of evolution is reminiscent of the Rabi oscillations

of two-level quantum system. At time ¢ = 0, the quantum dot is characterized
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by the single energy peak at 4. Then for the time ¢ > 0, the quantum
dot energy level evolves into a pair of Andreev bound states at energies
Es= :I:\/W . Those quantum oscillations are caused by fluctuations
in the occupancy of these two-level system. In the transient evolution, the
activation of quantum oscillations strictly depends on the initial conditions
(for analytical reasoning see Ref. [117]). They are not observed if the initial
configuration [n4(0),n,(0)] is singly occupied (1,0) or (0,1), as shown in Fig.
3.3.

Empirical observation of the Andreev states formation can be done by the
differential conductance Gy(V,t) = = jn;(t) of the charge current flowing
between the quantum dot and the metallic lead, when the chemical potential
of the normal lead py is detuned from pg by an applied source-drain voltage
eV = pun — pg. We assume the superconductor to be grounded, pugs=0. The

voltage is imposed at ¢ = 0. Fig. 3.4 shows the differential conductance Gy (in

G,
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Figure 3.4: Evolution of the differential conductance Gy (in units of 2¢2/h) with
respect to source-drain voltage V' and time ¢, after a sudden coupling of the quantum
dot to both external leads at ¢ = 0*. For computation we used: ¢4 = 0, U = 0,

I'ny=0.05,T'g =1.
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units of 2¢2/h) with respect to the source-drain voltage V' and time ¢. In this
particular uncorrelated case of quantum dot system, where ¢; = 0, we observe
formation of the Andreev bound states localized symmetrically with respect
to the chemical potential, at energies E4 = £I'g/2. Emergence of the Andreev
peaks has an oscillating character with period 27/ E 4, damped in time. Their
damping is governed by the envelope function e I'~* and originates form the
coupling of the quantum dot to the continuum of free electrons of the metallic
lead [117].

To calculate the conductance in the correlated quantum dot system by
Heisenberg’s equations of motion technique we adapt mean-field approxi-
mation, suitable for a weakly correlated system. Using the Hartree-Fock-
Bogoliubov (HFB) approximation the Coulomb repulsion term in (3.2) can

be written as

JICZTCZIC% o~ nT(t)dIdl + ’I'Ll(t)CﬁCZT — nT(t)m(t)
+ x(@)did] + x*(t)dydy - [x (1) (3.21)

The Hartree-Fock term can be included in the renormalized quantum dot
energy level &5 = ¢4+ Un_,(t) and the anomalous contribution rescales the
effective pairing potential I's = I's - 2U X(t) of the induced order parameter
potential x () = (d,(t)d;(t)).

Fig. 3.5 presents the results obtained for weakly correlated heterostructure.
Here, the top and bottom panels show the results for Coulomb repulsion
U =0.25 and U =1, respectively. Both panels refer to particle-hole symmetry
(eq = =U/2), when the quantum dot is half-filled in the steady state limit.
Like in the uncorrelated case, the differential conductance G evolves towards

its steady-state limit, exhibiting emergence of the bound states around F, =

:I:\/ (ca+U/2)*+(I's/2)2. Relaxation processes are governed by function

e '~nt and the quantum oscillations have the period 27/E 4.
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Figure 3.5: Evolution of the differential conductance Gy (in units of 2¢2/h) with
respect to voltage V' and time ¢, after a sudden coupling of the quantum dot to both
external leads at t > 0 treating the electron correlation effects by the mean-field
approximation. In panel a) U = 0.25 and b) U = 1. The other model parameters
are: 'y =0.05, Tg =1, ¢4 =-U/2 [110].

3.5 Influence of suddenly varied source-drain voltage

Transient evolution of the uncorrelated system has been characterized by
the time-dependent observables shown in Fig. 3.3 and conductance shown
in Fig. 3.4. To have a deeper insight into the time-dependent observables
after the perturbation, let us discuss separately the plots of jy, (%), jso (%)
presented in Fig. 3.6. Until ¢ = 30/T's, we display the transient evolution
caused by abrupt coupling of the quantum dot to the external leads of unbiased
junction. The damped quantum oscillations are controlled by the coupling

'y to the normal lead [117,118|, what is visible in the analytic formulas for



CHAPTER 3. DYNAMICS OF ANDREEV STATES IN SINGLE ... 46

the observables:
. FS . )
Jso(t) = ~ sin (Fgt) e N, (3.22)
r
Jne(t) = TNsin (Tst + o) e TNt (3.23)

where ¢y denotes the phase shift between the currents. When the system
reaches its equilibrium we apply source-drain voltage to the system at ¢ =
30/T's. We assume step-like change of the chemical potential iy — pn + Apy
at t = 30/T's. In Fig. 3.6, the evolution exhibits quantum beats appearing in

the current jy,(%).
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Figure 3.6: The transient evolution of currents (in units of e/h), after a sudden
coupling of the quantum dot to both external leads at ¢ = 0" and their evolution
after the jump of chemical potential level uy — puny + Auy at ¢ > 30. The other
model parameters: uy =0, 'y =02, 's=1,e4=0, U =0 [119].

At this point, we would like to recall the essential properties of the
quantum dot system without the presence of superconductor. It has been
shown that the abrupt change of the source-drain voltage has significant

influence on the current flowing through the quantum dot placed between
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normal leads [120-122|. After the sudden application of the source-drain
voltage, the time-dependent current structure shows the coherent oscillations
with the frequency w = |uy — €4l

In our system, the proximitized quantum dot is characterized by a pair
of in-gap bound states with energies +I's/2, therefore the current jy,(t)
is a superposition of two contributing currents with the frequencies wy, =
pun = 's/2, respectively. In consequence, the current jy,(t) is combination of
the high frequency component w = puy and the low frequency beats with the
time period T = 27/T's. Moreover, we notice that the current js,(¢) oscillates
with only lower frequency. Difference between these two currents is caused by
the time-dependent occupancy of the quantum dot, obeying the local charge
conservation £n,(t) = jng(t) + jso (t).

Analysis of the experimentally measured time-dependent current can
indirectly give information about the coupling strength between the quantum
dot and the superconducting reservoir, by determining the period of current

oscillations I'g = 27/T".

3.6 Quench in orbital level position

Let us consider influence of the quench imposed on the quantum dot
energy level. In this scenario, we abruptly change the quantum dot energy
level €4 - g4 + Agy at time t = 30/I's (like previously, after the transient
processes are completed) and observe the system’s response with completely
different behaviour of evolution for all observables (Fig. 3.7). The post-quench
evolution exhibits the oscillatory structure of all observables. The oscillations
depend on the energy level of the quantum dot and the coupling to the
superconducting lead T' = 27m/\/I'% + 4(Agy)? [117]. In absence of the source-
drain voltage (un = ps), the oscillations gradually disappear over sufficiently
long time and the currents js,, jno vanish. In evolution after the sudden

shift of quantum dot energy level, the envelope function has exponential form
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Figure 3.7: The transient evolution of currents (in units of e/h), imposing a sudden
coupling of the quantum dot to both external leads at ¢t = 0" and their the post-
quench evolution after the jump of the quantum dot energy level 4 —» €4 + Agy at

t > 30. The other model parameters: uy =0, 'y =0.2,Tg=1,¢4=0, U =0 [119].

~ e TNt (where £ =t - 30/T's denotes the time measured from the quench of

Ed).

Influence of electron correlations

We now consider the Coulomb repulsion U between two electrons and its
influence on the post-quench evolution induced by the shift of the quantum
dot energy level. In the system with the correlated quantum dot, the orbital
energy level €, = —-U/2 corresponds to the particle-hole symmetry point and
it is convenient to take this value as the initial condition. Fig. 3.8 shows
the evolution of physical observables after the quantum dot energy level is

changed from 4 = —=U/2 to its final value ¢4 indicated on the y-axis.
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Figure 3.8: The time-dependent quantum dot’s occupation n(t), current jg(t) and
the real part of (d,(t)d;(t)), after a sudden quench in quantum dot energy level
from 4(t <0) = -U/2 to £4(t > 0) = 4. The other model parameters: I'y = 0.05,
I's=4and U =1 [110].

In this case of strongly coupled quantum dot to the superconducting
lead (I's/U = 4), the evolution presents the damped oscillating behaviour
of observables, similarly like without correlations. The amplitude of the
oscillation increases with a greater difference between the quantum energy
level before and after the quench |e4(t < 0) —£4(¢ > 0)|. The more the energy
levels are shifted away from the levels before the change, the stronger we
disturb the system, making its response more intense. This is better noticeable
as we move away from the particle-hole symmetry point (indicated by the
dashed line). When the occupancy of the quantum dot is far from half-filling,
the Cooper pair can flow back and forth between the quantum dot and the

superconducting lead, what is visible by the well pronounced oscillations in



CHAPTER 3. DYNAMICS OF ANDREEV STATES IN SINGLE ... 50

the observables. Since QD spectrum consists of pairs of the Andreev bound
states at £+ F 4 these dynamical processes are reminiscent of the two-level Rabi
oscillations. As in the uncorrelated case, the damping process occurs with a
relaxation rate 7 ~ 1/I"y. What is relevant, the perturbation in the quantum
dot energy level affects the post-quench state of the system in the long time
limit. For example, the occupancies tend to stationary value n(t - oo) ~ 0.57,
for the final QD energy €4/U = 0.5 and n(t - oo0) ~ 1.23, for ¢4/U = -1,
respectively.

Another feature appearing in post-quench evolution is m-shift of the
oscillations upon crossing the half-filling level ¢, = -U/2, marked by the
dashed lines in Fig. 3.8. This phenomenon resembles the 0 — 7 transition
reported for Josephson junctions under stationary conditions [123,124]. The
oscillatory behaviour is also visible in the real part of the time-dependent
order parameter x(t), which can be regarded as a quantitative measure of
the on-dot pairing. In a short time after the quench, the value of Rex(t)
oscillates with significant amplitude.

In the case, when the quantum dot is weakly coupled to the supercon-
ducting lead, T's/U = 1, we observe significant modifications of the oscillatory
time-dependent quantities (see Fig. 3.9). In particular, the weaker the
coupling strength I's enlarges the period of the oscillations of all quanti-
ties. We observe that the final value of the quantum dot energy level after
the quench has an extensive effect on the frequency. For a larger value of
lea(t < 0)—e4(t > 0)| the shift of frequency to higher values is visible. Moreover,
it is important to notice that the change of I's has no impact on amplitude
range of the superconducting current jg(¢). Smaller value of T'g is equivalent
to the lesser value of the on-dot pairing potential. The change of I'g affects
the final values of the other quantities. For example, n(t - o0) ~ 0.2 for the
quench to €4/U = 0.5 and n(t - co0) ~ 1.55 for 4/U = -1, exceed the range of
the occupation number in Fig. 3.8.

In addition, to complete our investigation of the system evolution after
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Figure 3.9: The time-dependent quantum dot’s occupation n(t), current jg(t) and
the real part of (d,(t)d;(t)), after a quench in quantum dot’s energy level from
eq(t<0)=-U/2 to g4(t > 0) = £4. The other model parameters: T'y =0.05, I'g =1,
U =1[110].

shifting the quantum dot energy level we present the differential conductance
Gy diagram in Fig. 3.10. In this plot, we demonstrate the evolution of
Andreev states and their steady state positions after the shift of the energy
level ¢4 = U/2 - -U/2. We visualize the post-quench evolution in the wide
spectrum of the source-drain voltage. After the sudden jump of the quantum
dot energy level ¢4 = U/2 - -U/2 we observe a similar response of the
system like in previous cases. In particular, the quantum oscillations of the
differential conductance are damped in time and the Andreev bound states
emerge with the same spectral weight located with respect to the chemical

potential puy =eV.
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Figure 3.10: The post-quench evolution of the differential conductance Gy (in
units of 2e?/h) with respect to voltage V and time ¢, after a sudden change of the
quantum dot’s energy level £ =U/2 — -U/2 at ¢t = 0. The other model parameters:
'y =0.05Tg=2,U=1]110].

3.7 Response to sudden coupling I'g

For further understanding of the dynamics of the perturbed quantum dot
system, we investigate another type of quench. In this section we look at
evolution after a rapid coupling of the quantum dot to the superconducting
lead. Let us remind the stationary solution for the system in the limit of
'y =0 and A — oo, where the model parameters €4, U and I's determine
character of QD ground state. The quantum dot ground state can exist in
the singly occupied |o) or in the BCS-type «|0) — v |t]) configuration [125].

The border line between the doublet and singlet state occurs at
482 +T% =U?, (3.24)

where &; = ¢4+ U/2. Crossing from one to another configuration is called
a quantum phase transition [61] and plays an essential role in the interplay

between the on-dot pairing and the correlation effects. Here, Fig. 3.11 shows
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Figure 3.11: The time-dependent quantum dot’s occupation n(t), current jg(t)
and the real part of (d,(t)d;(t)), after a quench in the coupling strength I'g(t)
from zero to its final value I's. The other model parameters: ¢4 = -U/2 — U/20,
T'y =0.05 [110].

the evolution of physical quantities after abrupt coupling of the quantum dot
to superconducting lead, 0 — I'g, for the half-filled quantum dot (g4 = -U/2)
and weak coupling to the metallic reservoir, I'y = 0.05. As before, we observe
the oscillating behaviour of the physical quantities in time, which is the result
of the Cooper pairs leaking into the quantum dot and creating the Andreev
states. In the system, the quantum phase transition occurs at I's = U when
the quantum dot level 5 = -U/2. In Fig. 3.11, by the white dashed line, we
marked the theoretical border between the singly occupied and BCS-type
ground state configurations. The quantum phase transition is clearly visible

in change of Rex(t¢) in Fig. 3.11, where we observe development of the order
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parameter after coupling quantum dot to the superconducting lead. In the
doublet region (I's < U) the order parameter has negligible values. In the
same region for jg(t) (middle panel), we do not observe significant charge
flow due to the dominant Coulomb repulsion. The singlet region appears for
I's > U, where the system relaxes to the BCS-type ground state through a
sequence of damped quantum oscillations with significant amplitude right
after the quench. For stronger coupling I's we observe faster oscillations. The
boundary between doublet and singlet states is not sharp. We observe a
crossover rather than a transition between these configurations caused by the
coupling I'y # 0.

Quench in the coupling to the superconducting lead can be analysed in
the differential conductance plots. Fig. 3.12 presents the results obtained
for I's = 0 — 2. For this specific scenario, we consider the half-filled quantum

dot g4 = -U/2 and set the Coulomb potential U = 1. Before the quench, the
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Figure 3.12: The post-quench evolution of the differential conductance Gy (in
units of 2e%/h) with respect to voltage V and time ¢, imposed by a quench in
hybridization strength I's = 0 — 2 at ¢t = 0. The other model parameters: ¢4 = -U/2,
'y =0.05, U =1 [110].
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correlated quantum dot is characterized by two quasiparticle peaks at energies
eq and €4+ U. The rapid coupling to the superconducting lead induces the
proximity effect which entails the creation of new states at energies +F 4.
Additionally, the energies of new-created Andreev states, in the limit of I'y = 0
are Eq ~+\/(e4+U/[2)%+ (I's/2)2 In the limit of ['y = 0 the border between
the singlet and the doublet configuration is well specified by (3.24). From the

cognitive point of view, we can ask what is the response of the system when the
coupling to the superconducting lead drives the system from one to another
configuration. In Fig. 3.13 we present two cases, the first when we observe the
transition from the doublet to singlet configuration by increasing the coupling
['s (upper panel) and the second situation when change of the value of I'g
induces a conversion in the opposite direction (lower panel). Starting from
the initial conditions, at ¢ > 0, the quantum dot is coupled to both reservoirs
and its energy level is detuned to the half-filled occupation 4 = -U/2, where
the upper panel shows strong coupling to superconducting lead with I'g > U
and lower panel a weak coupling case I'g < U. Until the time ¢ = 5/2I"y, both
panels show the transient effects and formation of the doublet /singlet state
on the quantum dot. When the system reaches equilibrium, the quantum
oscillations of Gy will no longer occur. We abruptly reverse these couplings
['s at t = 5/2I"y. This shift of I's value caused transitions from the doublet-
to-singlet (panel a) and from the singlet-to-doublet (panel b), respectively.
Regardless of the type of transition, we observe the quantum oscillations with
period T = 27m/E4, where E4 ~ /(g4 +U/2)2 + (I's/2)? are Andreev bound

states in the limit of I'y = 0. Moreover, the post-quench evolution is not

completely identical to the transients of G . Differences have origin in the

slightly varied initial configurations of the system before the quench.
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Figure 3.13: The evolution of the differential conductance Gy (in units of 2¢2/h)
with respect to voltage V and time ¢, obtained across the doublet-singlet transition
due to the quench of I'g performed at ¢ = % The upper panel presents transition
from doublet to singlet: I'g = 0.6 - 1.4. The lower panel present transition from
singlet to doublet: T'g = 1.4 — 0.6. The other model parameters: 5 = -U/2,
'y =0.05, U =1 [110].

3.8 Summary

In this chapter, we have analysed the transient effects originating from
linking the system components together. We have shown that the activation
of quantum oscillations in transient charge currents strongly depends on
the initial conditions. They are not observed if the quantum dot is initially
occupied by a single electron. Otherwise, when the quantum dot is initially
empty, the evolution to the steady state of the system exhibits quantum

oscillations with the period T =27/ E 4, where F4 = i\/(sd +U/2)% + (Tg/2)?
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is energy of the Andreev bound states.

We noticed, that in the evolution of the system (uncorrelated quantum
dot) after the sudden change of source-drain voltage the beats in the current
Jno(t) appear. The current jy, () is a superposition of two contributing
currents with the frequencies wyj, = iy = I's/2, respectively.

For the uncorrelated quantum dot, the evolution after the shift of orbital
level position exhibits the oscillatory structure of observables. The oscilla-
tions depend on the energy level of the quantum dot and the coupling to
the superconducting lead T' = 2m/\/T'% + 4(Aeq)?. Investigating the system
including the correlations, we have shown the 7-shift in the oscillations upon
crossing the half-filling level, which resembles the 0 — 7 transition found for
Josephson junctions in stationary conditions.

Finally, we also investigated the evolution of the system from its singlet
configuration to doublet state and vice versa by changing the coupling strength
['s. This dynamic change of configuration activates the quantum oscillations
with the period T = 27/ E 4 regardless of the direction of the transition, where
Ea=5\/(ca+UJ2)* + (T's/2)".

Independently of the initial state, the relaxation of the post-quench pro-

cesses are governed by function e T'n?t,






Chapter 4
Periodically driven quantum dot

In this chapter, we consider another dynamical scenario for N-QD-S
heterostructure, where the quantum dot energy level is periodically varied by
external fields. We investigate the influence of external fields on the Andreev
bound states, the charge current averaged over a period of oscillations and the
differential conductance. The periodically driven quantum systems constitute
a broad field of physics, and we would like to explore the phenomena that
appear in our N-QD-S nanojunction under such conditions. The suitable
method to study systems described by periodic Hamiltonian H(t) = H(t+T),
with period T = 27 /w, is Floquet theory [126,127]. We will present the basics
of Floquet theory and its application to the considered quantum system.
Results presented in this chapter were obtained by combining the Floquet

theory with Green’s function method.

4.1 Floquet theory

Let us start by presenting essential ingredients of the Floquet approach.
For the time periodic Hamiltonian the solution of time-dependent Schrodinger

equation

ih () = HDl(D) (1.1)

29
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takes the special form called Floquet state |1, (¢)), where

[n (1)) = Jun (t))e eI (4.2)

is time-periodic mode |u,(t)) = |u,(t+T)) (called micromotion of the system)
and ¢, is the corresponding quasienergy. These Floquet states (4.2) are

eigenstates of the time-evolution operator over one driving period

Ul(to+ T, to)[tn(to)) = e =T/, (o). (4.3)

The eigenvalue e~»T/" (the phase factor) is independent of ¢y, at which the
evolution over one time period starts. The time-dependent Floquet states
|1, (t)) can be computed by acting with the time-evolution operator on the
Floquet state in specific time to: |1, (t)) = U(t,0)|n(t0)). The time-evolution

operator can be written in the form
U(ts,tr) = 3o e 0P, () ) un (1), (4.4)

because for every Floquet state one can choose a complete orthonormal basis

at arbitrary time ¢. Then the evolution of a state |¢)(¢)) can be expressed as
[0(2)) = 3 epemon 1P, (1)), (4.5)

where ¢, denote the time-independent coefficients, ¢, = (u,(to)[t)(t0))-

The dynamics of the quantum system over times longer than the single
driving period can be studied in a stroboscopic manner. In this approach the
evolution is studied in the steps of the driving period 7. This stroboscopic

time evolution is simply expressed by
Ulto + T, ty) = e TH/M (4.6)
and depends of the Hamiltonian ﬁt}; represented in the Floquet space

I:[tlg = 25n|un(t0)>(un(t0)|- (4-7)
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It is important to notice that the quasienergies ¢, and the Floquet modes
u,(t) are not uniquely defined. The shift of quasienergy ¢, by energy hw
does not affect the phase factor e*»T/h Due to this fact, the quasienergy
€, can be chosen arbitrarily and their shift by energy Aw can be performed

multiple times, then the quasienergy can be marked by additional index
Enm = En + mhw. (4.8)

Next, the corresponding Floquet mode takes a form |u,,,(t)) = €|, (t)).

At this step, the solution of Schrédinger equation has a general form
[a(t)) = e M (£)) = €7 (1)), (4.9)

Substituting (4.9) into the time dependent Schrédinger equation (4.1) we

obtain
- d
(H(t) - m%) tgn (£)) = Enmttm (1)), (4.10)
in an extended Hilbert space F =H ® Lr. The Floquet space F is a product
of the spatial space H for quantum systems and the space L1 of square-

integrable functions that are periodic in time. In the extended space F, the

scalar product of states can be averaged over a time period as

(o)) = 7 [ dr(u(olo(2), (4.11)

where double braket notation is used for elements of F, corresponding to state
at time ¢ and its spatial coordinates in H. The left side of (4.10) is called
a quasienergy operator Q(t) =H (t) - ih%. To distinguish the quasienergy
operator in the Floquet space F and Hilbert space H, let us denote the
quasienergy operator by @ if it acts on F. Then, the quasienergy equation
can be written as Q|upm)) = Enm|tnm)) in F space.

In the Floquet space F the set of orthonormal basis states |am)) can be
constructed as a combination of the orthonormal basis states |a) of H and

the set of time-periodic functions e as |[am(t)) = |a)e?™t. In this basis
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the quasienergy operator ) takes block structure
I 1) 1 T —imlwt ] 1T . d it
((a'm/|Qlam)) = = f dte ™ o/ | (t) - ih-Z]a)e™
T Jo dt
= (& | Hppyr | @) + pprmOarambw (4.12)

where H,, = T fOT dte=m«tH(t) = H,, is the Fourier transform of H(t). This
block structure of @Q is also dubbed Floquet matriz Hamiltonian HE, which

has the following form
1 T o A
Hrlz?m —— f dteznth(t)e—zmwt
T Jo
= H, = mhwm 1. (4.13)

It acquires the block structure

~ ~

];[0 + 1hw H_1 H_2
HF = | .. H, H, H |, (4.14)
H2 ]:Il I:IQ - lhw

where the diagonal elements are shifted by Aw which are related with absorp-

tion or emission of "energy quanta" from the environment.

4.2 Solution for time-periodic Hamiltonian

The Green’s function formalism (Sec. A.3) and Floquet theory (Sec. 4.1)
can be combined and used to describe the quantum system driven by periodic
external fields. For example, the single quantum dot Hamiltonian presented

in (3.1) can be simply converted to the time-dependent form
ﬁzﬁQD(t)+ﬁN+ﬁN7QD+ﬁS+ﬁ57QD7 (415>

with an oscillating quantum dot energy level Hop(t) =3, eq(t)dbd,, where

a(t) =%+ Acos(wt) and €Y is a stationary quantum dot energy level.
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For the proximitized quantum dot it is convenient to introduce the matrix

Green’s function G¢,(¢,') (Nambu representation)
~i(Te{di(t):d}(¢)})  —i{Te{di(£);:d,(t')})
S To{dl (1) Ay —iToldl(1);dy(#)})

whose elements come from the general definition for the contour ordered

G (tt) = (4.16)

Green’s function
¢ s(t.t) = =i{Te{A(t): B(t')}). (4.17)

From the equation of motion for Green’s function G; P (t,t") we obtain

iath df (t,t') = 5C(t - t,)daa’ - i<TC{iatda(t)? dA:rf’(tl)” =

0c(t =1)000r +2a()Gy (1) + 2 VoGE 4 (1)
o q qor St
+ Zk: ‘/kGZNkaadl/(t’t,)7 (4.18)
where the mixed Green’s functions
GESqde/ (t’ t,) - _i<TC{éSq‘7(t); CZL(t,)}>7 (419)
GiNkde,(ta t') = —i(Tc{éngv(t); cZL,(t')}), (4.20)

describe the particle propagation between the superconducting/normal elec-
trode and the quantum dot, respectively. For uncorrelated quantum dot the

equation (4.18) simplifies to
(10, — gd(t))GZde,(t7 ) =0c(t = t") 0o + Y. V‘IGZS 4 ()
p q qo Qs

C !
+ ;VkGCdeL(t,t ). (4.21)
The contour-ordered Green’s function can be rewritten as

Gza,dil(t’t,) = 500,ggn,d2,(t’t,) + Zq:‘/;l /;*dTgZa,dL,(t’ T)stqg,di,(T’ )

+zk:VkdeTg;mdL(t,T)GZNkmdL(T, t'), (4.22)
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where 95 4 (t,t") is bare Green’s function of isolated quantum dot. Determi-

nation of the mixed Green’s function is discussed in Appendix A.8. At this

step, let us consider the particle propagator G; dT(t’ t"). To solve (4.22) we
T4

need the following functions

(L) =Ve [drgs o ()G ,(RE). (423)

CNk dT CNENHCN

(t,1') = vdegt (B (1)

at€

" fc dTgCSqT’CTSql(t, VG (7). (4.24)

Substituting (4.23) and (4.24) into (4.22), we obtain

csq dJr

GZT,dI(t’ t') = 92 d’r(tvt,)
def dT'g:l d’r(t 7') o ( ,7) anI(T,’t,)
+/;d7‘/;d7,g;,d1(t77) CTswCTsl(T’T,)GZI,dI(TI’t,)
+deTfchchlT’dI(t,T)EZSMCET(T,T')Gzhdi(r’?t’) (4.25)

where the contour-ordered self-energies are defined as

¢ N =N"1V2g° ! 4.26
cNhC}L\,T(T’T ) zk: k chkT,c}LVM(T’T )’ ( )

x4 4, (r,7") = Z:V2gcf + (7)), (4.27)
CST q Cs—qt? Sq¢

(7' ') = ZV2 ¢ (7' 7). (4.28)

CST CS qts C

In the same manner, we can obtaln the other element of the Green’s

function (4.16) in the Nambu representation
;I’df (t,t") dedeng (t,7) e (7'7') ZT,dI(T,’t,)
+[Cd7'fod7' ng,dl(t,T)E (7' T’)GdT dT(T/,t/)
" /C dr /C dT'g;I’di(t,T)zgfswcm(f,r')G;ﬁdI(T',t'). (4.29)
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The solution for diagonal elements of (4.16) is sufficient to find other related
functions. According to the Langreth’s theorem (A.57), the contour-ordered

casual functions can be expressed in the terms of retarded and advanced ones
G (t.8) = g3, (0.1
+/ dT[ dr’ mT(t T)Zm o (T T’)GTaT(T ")
+f dT[ dr’ mT(t T)ZT: ; (T T')Gm (T',t)
o Car [ Carg nRe  (ReG L), (430

G )= [ Car [ Cargs (0 ()G ()
v [Car [Cargy DI L (RAC ()
. / dr f drg (DN (RO (). (481)

At this step, we can perform the Fourier transform of the Green’s function

0o 1 T . . ,
fnm(g) _ f dtlf f dtez(s+nw)t—z(s+mw)t f(t,t,), (432)
—00 0
where the contour integral of the functions C(t,t") = [, drA(t,7)B(r,t")
is equal to Cp,(e) = ¥ Ank(e) Bim(e) in Fourier space (the proof of this
property is included in Appendix A.5). Finally, we obtain the Green’s

functions expressed by the Fourier coefficients

dT,dT nm( €)= ng7dT ng dl; k: c;w,cjw;kz( )Gd dlsim ()
+ngT7dT, . el el kl(g)GdT dliim ()
T,a Er,a 4
+kZJ9dT,d;;nk<€> SEINO IO} (4.33)

G;Tadr nm( €)= ng’rd nk Z’ivc ( )GdT dfiim ()
) ,a T,a
* kzl:ng,di;nk(5)Ec21,cgl;kl(€)GdT df;im ()

+ z gy’ " (G, ) (4.34)
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At this step, we can recast (4.33) and (4.34) into the Dyson equation in

matrix form
GOD.m(€) = 80D .m (€) + ; 8opak(E) X1 (€)GGp 1 (€), (4.35)

where X7, (e) = XY, (e) + 27, (€) is the total self-energy of the system.

N,nm

The individual self-energies (4.39) are defined as follows

il
X0t () =7 [TN 0 ]5 (4.36)
N’nm 0 'LI‘_N nm: *
2
S F 2 3 _Asc
Egim(g) = a(g) S/ X 5nm7 (437)
7 \/|(§ + i0+)2 + Agc| _Asc €

where a(€) = O(Ag - |€]) £isgn(£)O(|¢] - As.) and € = € + nw. More specific
calculations are presented in Appendix A.9.

According to Ref. [128], the Dyson equation (4.35) can be solved when the
self-energies of the system are diagonal in Floquet space. Then the solution

of the matrix equation (4.35) becomes

(G ()] = [I- g5 ()= ()] [g5n ()], (4.38)

which can be explicitly shown as

Y-1,-1 Y-1,0 V-1.1
[ng(g)]:  Y,-1 Y00 Yoa [gg%(é)], (4.39)
T,-1 Y0 711

a

DvnmE;’ﬁn and I denotes the identity matrix.

where Y, = Opml — gg
The bare Green’s function gggnm of isolated quantum dot can be diago-
nalized with respect to the Floquet coordinates n, m by appropriate unitary

matrix A, [129]

> A5G0 amAmi = (Dgp)ir'- (4.40)
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In this basis, the diagonal retarded and advanced Green’s functions are

expressed by

(D)t = (e + 1w £ 07T - o, (4.41)

where o0, is the Pauli matrix. Making back projection, the isolated bare

Green’s function can be written as follows
ggaD,nm(g) = Z ALZDTC}GDJl(g)Alm- (442)
1

Since we consider oscillating energy level £4(¢), the matrix operator A, is
expressed by the Bessel functions of a first kind (see Egs. (A.82)-(A.95))

A
A = T (2) 0 : (4.43)

0 Tnm ()

Then the matrix representation of the bare Green’s function ((A.96)-(A.97))
simplifies to [66]

Jn—l(A/w)Jm—l(OA/w) 0
r,a _ e+10t+lw—¢
gQD,nm(g) - Zl: 0 ¢ Tni(=AJw) T i(~AJw) |- (444)
0

siz’0++lw+ed

In the case of time-periodic driving of the system, the effective quantum

dot spectrum is determined by

(pa(€)) =~ T [ G ole + 0], (1.45)

which is equivalent to averaging over a single period 7' [128]. In general, this
spectral representation function must be positive [130].

To calculate time-dependent charge current we use general formula intro-
duced in (3.11) for particle transport into the metallic lead [65,131,132]. The

charge current equation can be written in the form

ine(t) = %‘3 > ViR {60 (1: 45 ()] - Qh—e > Vie (6 @] (46)
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where the lesser Green’s function can be expressed as a convolution of Green’s

function for quantum dot and bare Green’s function

kosC

G;w,df, (t,t') =V fc dr [Gga,dl (t, T)gZNkmchko(ﬂ ) + ng,di (t, T)gZN jv;m(T’ t')] .

(4.47)

Substituting the lesser Green’s function to (4.46) we obtain the Landauer’s

formula

- 26 T < < a
o) =2 [ drRe [dedg (L0, o ()G (61 G(T,t)].
(4.48)

Using the Nambu representation, the Andreev current (flowing through the

normal lead) can be expressed in the matrix form

ini(t) = £ deRe G (6, 7) S5 (1, 8) + Gop (1D (1 )], L, (4.49)

where the diagonal elements 11 and 22 correspond to the particle and hole
terms, respectively. Transforming (4.46) into Fourier space, it is possible to

express the time-dependent current in Floquet space

=5 5 [ Refe PGl (2 D 0)

I /2 2T

+GOD,m (E) BN mp () T 11-22. (4.50)

Assuming that the indices n, p are equal, we obtain the average current over

single period T'

w2 de .
i) =5 2 [, 5 Ro0G00 E500(E) + Gy (£ (D1

(4.51)

Here, in (4.50) and (4.51) the lesser Green’s function of a single quantum dot



CHAPTER 4. PERIODICALLY DRIVEN QUANTUM DOT 69

in Nambu-Floquet space is equal to

[Gopam(®)], = > A1Ghp ) (B[ Gyn

+[GOp kL [Z50(8) 112l GG p o J2w
+ [GEQD,nk]MQ[EZZ(g)]?l[GaQD,lm]lV
+[Gop e[ Z3(€) 122 GO p ym 20} (4.52)

where X<(¢) = 35, (€)+X35(¢) is sum of the lesser self-energies of the reservoirs.
The lesser self-energy for single electrode is the result of the subtraction of

advanced and retarded functions

.  ea s (e +nw) 0
EN,nm(g) - (EN,nm(g) EN,nm(g)) ( 0 1— fN(—{f _ nw)) (453)
S5 m(€) = (B (€) = B5,m(€)) fs(e +nw), (4.54)

multiplied by the Fermi-Dirac distribution function

fays() = 1f[elermis)kaT 4 1], (4.55)

4.3 Numerical results

The method applied in this chapter, based on the Green’s function and
Floquet approach, allows to calculate the time dependent observables and
observables averaged over the single period. In this method the system is
adiabatically switched on and the time-dependent functions describing the
system become cyclic with the same period as the drive. All results in this
chapter are obtained for the temperature limit 7" — 0. As an example of the
time-dependent currents we present Fig. 4.1. In this figure, we show the
charge current In(t) = jn1(t) for different values of oscillation amplitudes
in regime of the superconducting atomic limit A,. - oo. For the system

described by Hamiltonian (4.15) with applied source-drain voltage V' = 1w, we
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observe oscillatory character of the plots in single period window of the drive.
At this stage, we would like to highlight the complex nature of these charts.
For a larger amplitude, a more wrinkled structure of the plot can be seen. The
reason for this phenomenon is that there are more eigenenergies in a transport
window. Localization and behaviour of those eigenenergies will be revealed
in the further part of this chapter. For the specific time window, the time-

dependent currents obey the symmetry relation Iy (-V,t) = -Ixy(V,t+T/2).

< 0.025
L,
= 0.000f
:“
—0.025} —— A=05/w
A=23/w

—0.0507 A=38/w

0 T/2 T
t

Figure 4.1: The time-dependent currents for the periodically driven £4(t) obtained
for: V = 1w, I'y = 0.1lw, I's = 1w, U = 0. The results were obtained from the

numerical solution of (4.50).

One of the convenient ways to study the periodically driven system is to
compute the observables averaged over a period. Using the Landauer formula
in (4.51), we computed the time average current (/) and differential conduc-
tance (G ) averaged over one driving period versus the source-drain voltage
V' applied across the junction, considering the in-gap states by assuming
Ag. > oo. In Fig. 4.2, we can notice that in the absence of source-drain
voltage the current (Iy) is zero, because the incoming and outgoing charge

flows cancel each other. For larger source-drain voltage V', we observe an
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increasing value and plateau regions of (/). Using standard definition of the
differential conductance (Gy) = %, we reveal the energy states appearing
in the driven system. We notice that the conductance peaks perfectly coincide
with the slope parts of charge current plots, which exhibit the positions of
eigenenergies. The differential conductance (G ) shows that the rapid growth
of the averaged current occurs if the voltage V' comes close to the eigenenergies

of the system.

— A=05/w
3 0.04 A=23/w
~
o, — A=38/w
S0.02f
0.00==——— ‘ ‘ ‘
0.0 0.5 1.0 1.5 2.0 2.5
=
>
. 0.1
=
0.0 " - - -
0.0 0.5 1.0 1.5 2.0 2.5

eVijw

Figure 4.2: The averaged current (Iy) and differential conductance (Gy) with
respect to voltage V' obtained for the periodically driven €4(t), using: I'y = 0.1w,
I's=1w, U =0.

To gain a broader view of the quasiparticle eigenenergies, let us present
results for the spectral function (pg(e)) defined by (4.45). In the time-periodic
system described by Hamiltonian H(t) = H(t +T') the spectral function is
equivalent to averaging over a period 7. In Fig. 4.3 and Fig. 4.4 we present

the spectral function for N-QD-N and N-QD-S heterostructure, respectively.
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Figure 4.3: The averaged spectral function of QD versus the amplitude of driving
field. Results are obtained using: I'y = 0.1w, I's = 0, U = 0 assuming 4(t) =
Acos(wt).

Figure 4.4: The same as in Fig. 4.3 but for the N-QD-S heterostructure, assuming
I'g=1w.
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The results for the normal junction will be a reference point. The case of
N-QD-N heterojunction in Fig. 4.3 shows the spectral function dependent on
energy ¢ and driving amplitude A, which include a series of equidistant states
at energies €9+ nw, where n is an integer number. Those states are called the
photo-assisted tunnelling states (PAT), harmonic states or Floquet states for
the driven system [65-67]. We observe the emergence and extinction of these
states and their greater number with larger amplitude of the drive. The zero
harmonic peak vanishes for ratio A/w ~ 2.405 which corresponds to the zero
value of Bessel function Jy(A/w). We see the finite broadening of the peaks
which comes from the coupling to the metallic reservoirs.

For N-QD-S heterostructure, such spectral function dependent on energy
level ¢ and driving amplitude A is presented in Fig. 4.4. In contrast to the
N-QD-N junction, in this particular case, we observe the splitting of the zero
and higher-order harmonics. In the stationary case (A = 0), the quasiparticle
peaks in the subgap spectrum coincide with two Andreev bound states at
energies /(%)% + (I's/2)? [61] broadened by I'y. For small amplitudes,

the evolution of the quasiparticle energies shows that the branches of the

zero-harmonic mode split. Simultaneously new higher-order harmonic states
appear, shifted by energy nw. We observe that the zero-harmonic states
linearly branch out and they are headed to the horizontal lines corresponding
to energies nw. One pair of the zero-harmonic branch crosses each other
around A = 1.1w on the line corresponding to the zero energy. The second pair
of the zero-harmonic state evolves to the horizontal lines for n =1 and n = -1,
where they interlace with the higher-order harmonics. For larger amplitudes,
we observe overlapping and interlacing of the states between neighboring
harmonics. Together with the larger amplitude the distance between mixed
branches and their intensity slightly decrease.

Comparing the differential conductance (Gy) in Fig. 4.2 with the quasi-
particle spectrum for corresponding amplitudes, we see that the additional

states in charge transport perfectly coincide with the positions of the harmonic
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states. The slightly smaller splitting of mixed branches along n = 0 comes
together with the lesser expectation value of the on-dot pairing potential
(dydi)r = - [://22 ;i_i[GE)D,OO(e)]l? (4.56)
averaged over a period T'. Its dependence on the amplitude A is presented in
Fig. 4.5. We observe that this induced order parameter is correlated with
the amount of spectral weight of the zeroth-order harmonic. The proximity
induced order parameter vanishes for such amplitude where the zero-level

harmonic states lose their spectral weights.

a) b)

0.5
S 0.10
I's = 05w
04 Is=04w 0.08
S —— Ts=03w 5
2 s =0.2w kS,
S 0.3 — Is=0lw $0.06
g 5
= ISH
5 0.2 < 0.04
<= S
S S
0.1 0.02
0.0
1 2 3 1 5 6 7 0.00 :
Alw Alw

Figure 4.5: a) Expectation value of the proximity induced order parameter (cz lCZT>
versus the amplitude A, obtained for several values of I'g, as indicated. Using;:

52 =0, 'ny/w=0.1. b) Zoom of the plot shown in panel a.

To investigate the influence of the driving frequency, in Fig. 4.6, we present
the time-averaged density of states versus w/T's. The results are obtained for
the amplitude A = 2.2I'g. This quasiparticle spectrum illustrates one pair of
the Andreev quasiparticles (zero mode) with the higher-order harmonic states
and their linear evolution along nw. The higher-order states are aligned along
Y + nw lines and disappear for large w. In the high frequency limit w — oo,
the numerical results agree with the analytical solution of Magnus expansion

for the proximitized system Hamiltonian (discussed in the Sec. 4.4).
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1.0
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Figure 4.6: The quantum dot’s spectral function of N-QD-S heterostructure versus

the driving frequency w. Results are obtained for A=2.2I'g, 'y = 0.1I'g, U = 0.

Influence of the pairing gap A,

To investigate a more realistic situation, we would like to focus on a case
when the superconducting energy gap Ay, takes a finite value. Usually, the
value of the energy gap is a few or fractions of meV. Fig. 4.7 presents the
quasiparticle spectral function with respect to the amplitude A, obtained
for Ay =0.5w. In this plot, we observe that the quasiparticle function does
not follow the main properties of the energy spectrum displayed in Fig. 4.4.
We can notice that the higher-order harmonics (|n| # 0) are pushed out of
the superconducting gap and their splitting is reduced in comparison to the
results in the limit A,. — oo. This behaviour depends on the efficiency of
the pairing which gradually decreases with increasing amplitude, due to the
larger influence of the continuum of electron states above the superconductor
energy gap. Raising the QD energy level above the superconducting energy
gap causes a partial leakage of the spectral weight towards the in-gap regime.
A feature of this phenomenon is a continuous background which appears in

the spectral function, what is visible in Figs 4.7 and 4.8. This continuous
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background corresponds to incoherent subgap states.

3
2.5
2
. 2.0
% 0 1.5
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Figure 4.7: The quantum dot’s spectral function of N-QD-S heterostructure with
respect to the driving amplitude A. The results are obtained for A, = 0.5w,
I'y=01w, I's=1w, U =0.
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Figure 4.8: The quantum dot’s spectral function of N-QD-S heterostructure with
respect to the driving frequency w, using: A,. =0.5I'g, A=2.2I'g, 'y = 0.1I'g, U = 0.
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To illustrate the influence of driving frequency in the case of the finite
value of the superconducting energy gap, we present Fig. 4.8. This figure
displays the distribution of the spectral weight between the multiple harmonics,
presents their splitting, and shows the presence of the incoherent in-gap states.
Like in Fig. 4.6, we observe zero-harmonic and higher-order modes along
€Y + nw, which are mixed with the continuous background. In the high-
frequency limit, the quasiparticle energies (zero-level) resemble the stationary
Andreev states, whereas the continuum electron spectrum is far outside the
energy gap. For such driven system, the superconducting energy gap is
manifested in a unique manner, its properties can not be treated like in a

static situation.

4.4 Floquet-Magnus expansion

In the high frequency limit, the Floquet Hamiltonian H¥ can be expanded
in powers of the perturbation, called the Floquet-Magnus expansion [127,133|

HE =S HE™. (4.57)
v=1
The first part is the zero component of Fourier transform of Hamiltonian
H, " = Hy (4.58)

and the second is defined as follows

HO - L g f e [, 1) (4.59)

o m#0 mhw
Here, the Fourier transform is defined as previously H,, = * fOT dtem™<tH (t).
This high frequency expansion can be adapted to the proximitized quantum

dot Hamiltonian introduced in (3.7) with the oscillating quantum dot energy

level
(1) = 3 (9 + Acos(wt)) did, + % (dld! + hee.). (4.60)
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The Fourier transform of Hamiltonian (4.60) can be performed in few mathe-

matical steps, presented below

~

1T
= [ et () -
T Jo

g AT AL A
s eimwt(;(ggﬁcos(wt)) gdﬁ%(didm.c.)):
T

Zl [ ez‘mwt&.OCZTCi + Zl Teimthl (e—z’wt n eiwt) CZT 7
= T Jo ST Jo 2 ollo
1 T imtLs gt 3t 1 T imatls 5 5
— mmwt 2 I - zmwt_d d =
+;Tﬁe y i L, ey
s Tgawsy Tgss 1 T A Y s
0 S gt gt S Tmw —iwt(1l-m
50,m(;5dd§da+jdldﬁ?dei)ﬁL;T/O e t§e tQ-m) gt 4,
1 rT ., A n A
+ Z T f €Zth§€ZWt(l+m)d:rjdg. (461)
= 0

In the result, we obtain the Hamiltonian as follows
. smos Dogman g s A 5
fhz&m(2£@%+émwp_§@@)4&m+@wg§§ﬁwm(4&)

where the diagonal elements are connected to the discrete quantum dot
energy level €% and the superconducting order parameter defined by I'g/2.
The off-diagonal elements are the result of the driving in the system. The
first element of the Floquet-Magnus expansion, which is the zero element of

Fourier transformed Hamiltonian, is equal to
FO) _ g o009 L Ls s Tss s
Hto = HO = ngdgdg + 7didT + ?del' (463>

The block form of the Floquet Hamiltonian acquires the symmetry property

I:I_l -H 1= é > dj,da The second element of the expansion can be calculated
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as follows

HEO Z S i s e [y, i1,]] -

to
m#0 mh‘w
1

_%(
% (H_1H1 + esztU[HQ,Hl] - H_1H1 - €_Zth0[H07H_1]) =

~ ~ . ~ ~ 1 ~ ~ . ~ ~
H_ 1 Hy + e ™[ [, H,l]) i (H,lHl + MWt [ I, Hl]) -
)

A

[Hla ﬁ—l] + eimwto [F[O’ ﬁl] _ e—imwto [HO’ f{—l]) —

A A

(
-— ([Hh ]f[,l] + eimwto [ﬁo, ﬁl] - 677;th0 [ﬁo, Hl]) =
([Hy, Ho] + (eimeto — emimeto) [Fy, H1]). (4.64)

This expansion requires to calculate two commutators of different Floquet
matrix Hamiltonian [Hy, H_1] = 0, [Ho, H] = —A%Scﬂca + A%Sc%ca. Substi-
tuting the solution of the calculated commutators into (4.64) the second term
of the expansion is

HE® = %%f:"t()) (A%CETCZL - A%CM) . (4.65)
In this case, the higher order terms vanish. The final expansion of the
Hamiltonian which is truncated to the second term H{g = Hti @4 th; (2), takes

form

.. (Ig AT
HE =%t d, + (75 —i hws

sin(wto)) dicq + (% + ZIL;LI:US sin(wto)) dyd,.
(4.66)
The expansion of the Hamiltonian in the high frequency regime rescales
the induced on-dot pairing potential. The high frequency expansion results
are consistent with the Green’s function calculations (for large frequencies)

presented in Fig. 4.6.

4.5 Summary

In this chapter we studied an effective spectrum of the driven quantum

dot placed between the superconducting and metallic reservoirs. The single
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quantum dot energy level was periodically stimulated by the external potential.
We have analysed the effective spectrum with respect to the amplitude A
and frequency w of the drive. We found that the proximity induced electron
pairing leads to the splitting of each harmonic level. The maximum distance
between mixed states slightly decreases with larger amplitude of the drive.
In quasiparticle spectrum, distribution of the harmonics is controlled by the
amplitude to frequency ratio.

The charge transport averaged over a period of driven oscillations and
its differential conductance were also analysed. In the plots of differential
conductance, we detected the multi-harmonic quasiparticle energies, their
splitting and the distribution of the spectral weights.

Additionally, we studied the influence of the finite size of the superconduct-
ing energy gap on the quasiparticle spectrum. In a case, when the amplitude
of oscillations exceeds the energy gap the incoherent states appear in the
subgap regime. Those states correspond to short-time living quasiparticles
and emerge near such values of the amplitude to frequency ratio, where the

spectral weight of the zeroth harmonic vanishes.



Chapter 5

Dynamics of Andreev states in

double quantum dot system

This chapter presents description of the dynamical effects obtained for a
double quantum dot system (N-DQD-S), schematically presented in Fig. 5.1.
We consider geometry in which the quantum dots are placed in series between
the metallic and the superconducting leads. Theoretical analysis of such
system gives rise to the possible qubit development. The qubit based on the
double quantum dot and similar layouts has been studied by several scientific
groups [56-59]. Knowledge about dynamical properties of the system would
be important for sequential manipulation and operation on them.

In this section, we explore the time-dependent processes related to the
creation of bound states and other properties that describe the evolution of
the system. Specifically, we study transient effects and the evolution of the
system after step-like or continuous changes in its parameters. In particular,
we investigate the following quench protocols: transient effects (Sec. 5.3),
rapid change of source-drain voltage (Sec. 5.4), quench in energy level position

(Sec. 5.5), periodic driving (Sec. 5.6).

81
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5.1 Model Hamiltonian

The heterostructure, consisting of the two quantum dots QD; (i = 1,2)
placed in linear configuration between the normal (N) and superconducting

(S) leads, can be described by the following Hamiltonian
IA{ZI:IS"'HS—QDl+ﬁDQD+HN—QD2+ﬁN- (51)

The double quantum dot term is modelled by the single-level localized states

HDQD = Z 81'0620_@0 + Uzﬁ”ﬁu + Z (‘/125{0620 + hC) , (52)
10 o
where & _(¢,) is the creation (annihilation) operator of electron at i-th quan-

tum dot, €;, denote the energy levels, and V)5 is the interdot coupling. We
also consider electron-electron Coulomb repulsion between electrons localized

on quantum dots U;niny, .

QD; QD

@ @

N (t)

Vio I's

Figure 5.1: Hlustration of double quantum dot’s sytem placed between the normal

metallic and the superconducting reservoirs [134].

The quantum dots are hybridized with the external reservoirs via

]A{]\[_QD2 = Z (kaé}LWméQU + hC) (53)
ko
and
I:IS,Qpl = ; (Vsqégqoélg + hC) R (54)

where Vi (Vs,) denotes the coupling to normal (superconducting) lead.
In absence of the metallic lead (I'y = 0) and for the superconducting

atomic limit (As. = oo) the Hilbert space of the proximitized DQD is spanned
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by 16 vectors. In the occupancy representation the matrix Hamiltonian has a
block structure, consisting of 6 subspaces [135]. Two 4-dimensional subspaces
contain states with odd number of electrons |QD2,QD1) = [0,1), | 1,0), | 11,1),
| 1,1)) and [0,), | 4,0), | 14,1), | ,1{), respectively. The next two states
| 1,1), | {,1) are decoupled from other ones. The remaining 6-dimensional
subspace contains the states with even number of electrons, |0,0), [0,1]),
| 14,0), | 14,10), | 1,4) and | |,1), respectively. Diagonalizing the effective
matrix Hamiltonian for U; = 0, one obtains the following eigenvalues ¢; and

eigenfunctions |¢;):

1/2 +E a; (|0, 1) F[11,1)) + bi(£| 1,0) [ 1,1]))
3/4 B Fg/2 a;(|0,1) £ 1), 1)) +b:(| 1,0) F[ 1,1))
5/6 +E a;(|0,4) F[1,4)) +b:(|4,0) £[ |, 1))
7/8 B Fg/2 a;(|0,4) £ 11,4)) +b:(| 4, 0) F[ |, 1))

9 0 1 1,1)

10 0 )

——L2__(V35(10,0) +[ 14, 11))
11 0 VaviTE/4
(N RN ))

12 0 S =141)

13/14 +Tg/2 5 (10,0) =14, 14) [0, 1)) F[ 14,0))
Wﬁmqo,m +] 14, 10))
15/16 | +\/4Vi5 +T8/4 £5(10, 1) +111,0))+
ﬁﬂ L FILT)

Table 5.1: Table of the eigenenergies and eigenfunctions of the uncorrelated

proximitized double quantum dot system obtained for I'y = 0, A, = oo [134].

where £ = 1 (\/41/122 +T%/4+ FS/Q), a; = % VV;iEQ and b; = % V§i+E2'
12

% 12 [
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The repulsive on-dot interactions U;n;1n; compete with the proximity-
induced electron pairing, leading to important changes of the bound states.
Here, we consider their influence on dynamical phenomena within the mean-

field approximation, using the Hartree-Fock-Bogoliubov decoupling scheme

Rty = R (Ray) + Ry (Ra) + eel (G ) + e (elyel)). (5.5)

The Coulomb interactions and the superconducting proximity effect can be

described by the effective mean-field Hamiltonian

Heppn Y Gi(0)E] o — D (As()ehel, +hoe) + 3 (Viadl 60y +hec.)

1,0 i
+ ; (VNkéTNkUéQU * hC) + ;gNkUé}-VkaéNkU7 (56)

where ézg(t) = &Tig(t) - Uz-nw(t), Al(t) = FTS - U1<61l(t)é”(t)),
Ao (t) = Up(Cay(t)éas(t)). Such approximation would be reliable only in the

weak interaction case (U < I'g).

5.2 Selected experimental realization

The double quantum dot heterostructure has been studied intensively
theoretically and experimentally by various groups [57,136-138]. These in-
vestigations established, that in this system the manipulation of spin and
its readout are experimentally accessible [56-58|. Such possibilities provide
opportunity to construct a qubit based on a double quantum dot, as pro-
posed by DiVincenzo [59] for both normal leads and in Ref. [139] for the
superconducting electrodes, respectively.

Recently, the double quantum dot system Fig.5.1 has been further studied
experimentally, revealing the Andreev blockade effect [64]. Mechanism of such
Andreev blockade relies on the triplet configuration of electrons in quantum
dots [60, 140, 141|, which suppresses the Andreev reflection processes, thus

blocking the flow of current. This configuration offers many possibilities for
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investigating time-dependent properties and post-quench dynamics, which

will be addressed in this chapter.

YRR
e Vy Vs

200 nm

Figure 5.2: Example of the experimental realisation of the double quantum dot

system, using InAs nanowire [64].

5.3 Transient effects

We start by investigating the transient effects of the double quantum dot
system, similarly as has been done for the junction with the single quantum
dot [Sec. 3.4]. All results for the double quantum dot system have been
obtained by the equation of motion technique (for details see Sec. 3.3). To
calculate the current flowing to the normal lead jy,(t) we modify the formula
(3.20) to following form

I'no

de() = 21m | S Vie sy, (D (0)) = == (e (D) (57)

which has been formally derived in Ref. [117|. For numerical purposes, we
had to solve the set of coupled differential equations, which are presented in
Appendix A.2.

Like in Sec. 3.4, let us present the result for the evolution from the
initial conditions to the equilibrium state. We assume that initially, at ¢ <0,
the quantum dots are disconnected from both external reservoirs and next
they are rapidly connected to the electrodes at ¢ = 0*. Fig. 5.3 presents
numerical results obtained for currents jn;(%), js1(t), occupancy of quantum

dots n;;(t) and the real part of the order parameter x;(t) = (d;,(t)di; (¢)). For
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zero source-drain voltage, we observe the evolution of the system towards
an equilibrium state for initially empty quantum dots. In this scenario, the
oscillations in currents and occupations are mainly caused by the flow of
Cooper pairs into and out of the system. Those oscillations are dumped in
time due to presence of a continuum of free electrons of the metallic lead.
The buildup of the order parameter for individual quantum dots is presented

in the plot of Rex;(t). Imaginary part of x;(¢) is negligibly small (~ 1077).

—Rex;(t)
oo _oo
cooofP—r

CRES® N~

e e

[

co Do
A

0.04
0.00 \
-0.04 \/

0 10 20 30 40 50 60 70 80
t

Jst(t)le/h]

Figure 5.3: The transient evolution of currents jn+(t), js1(t), occupancy ngt(t)
and the order parameter Re y;(t), imposing a sudden coupling of the quantum dot
to both external leads at ¢t = 0" for initial occupancy (n4(0),7n,(0)). The results
are obtained for zero source-drain voltage and system parameters: €4, =0, Vio =1,

Ty=02Tg=1,U=0.

We observe rapid development of x;(¢) in time and delayed with respect to it
formation of the order parameter in the second quantum dot. The character

of this buildup of the order parameters directly depends on the strength to
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the superconductor I's and the coupling between quantum dots V5.

Development of the bound states can by practically detected by the
differential conductance. Using the definition of the time-dependent differen-
tial conductance G g (Vig,t) = #‘id Jno(t) we present the transient evolution
of the uncorrelated system in Fig. 5.4 and the correlated system in Fig.
5.5. These figures present the the differential conductance versus time and
the source-drain voltage V4 lifting the chemical potential of metallic lead
(n = Via, pus = 0) for various interdot couplings and the Coulomb potential.
The transient evolution of the system exhibits emergence of the Andreev bound
states induced by the proximity effect in the quantum dots. The Andreev
bound states appearing in Gy, (Vsq4,t) can be interpreted as the excitation
energies between eigenstates with the even and odd number of electrons. In
the stationary limit (¢ - oo) the peaks occur at £ = +1 (\/m +[g/2)
(for the uncorrelated case and ¢;, = 0). Their broadening is caused by the
relaxation processes on a continuous spectrum of the metallic lead.

In the correlated case (Fig. 5.5) we observe substantial reorganization
of the bound states. For larger U we observe smaller separation between
their position, see panels in the first and second column of Fig. 5.5. This
tendency proves, that the Coulomb repulsion suppresses the effects of the
interdot hybridization and the superconducting proximity effect. In the third
and fourth column of Fig. 5.5, the peaks merge, but presumably this is an
artificial consequence of the mean-field approximation which is hardly reliable

for the strongly correlated limit U > I'g.
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Figure 5.4: The transient evolution of the differential conductance G = Gny(Vig, t)
(in units of 2¢%/h) with respect to source-drain voltage Viq = pxn and time t,
obtained for Vi5 = 1,0.3,0.2,0.1, respectively. We used the model parameters:
tio=0,Dn=0.1,Tg=1,U=0[142].
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Figure 5.5: The transient evolution of the differential conductance G = Gy (Vig, t)
(in units of 2¢2/h) with respect to source-drain voltage Viq = p1y and time ¢, obtained
in the weak Vj2 = 0.5 (upper row) and strong interdot coupling limit Vj2 = 2 (bottom
row) for several values of the Coulomb potential (as indicated) for: e;, = -U/2,

I'y=01,Tg=1[142].
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5.4 Dynamics induced by abrupt source-drain voltage

In analogy to the single quantum dot system (Sec. 3.5) we analyze dynam-
ics caused by a rapid change of the source-drain voltage. The components of
N-DQD-S system are initially disconnected (till £ = 0) and they are coupled

at t = 0%, exhibiting the transient evolution presented in Fig. 5.6. We observe

INe(t),Vea=15  ===- jso(1),Via=15
Jne(t), Vea =2 - Jso(t).Vesa=2
Ine(t), Vea=20  --mm- Jso(t), Vaa =20

5 A ,'/‘l \\‘-\ T N ]
8 —0.00

—0.15
0 10 20 30 40 50 60 60 70 80 90 100
t t

Figure 5.6: The time-dependent currents (in units of e/h) and quantum dot’s
occupancy (a), after a sudden coupling of the quantum dots to both external leads
at t =0*. The post-quench evolution (b) after applying the source-drain voltage
Vsq at t = 60. Results are obtained for: €, =0, 'y =0.2, g =1, U =0 [134].

the relaxation process imposed on top of the quantum oscillations of the
characteristics. The steady state is approximately achieved at ¢ ~ 60, after
a sequence of quantum oscillations, damped in time with the exponential
envelope function e~ ''~/2. Frequency of the quantum oscillations coincide with
quasiparticle energies of the in-gap bound states of N-DQD-S heterostructure.
In particular, for €;, = 0, the period is equal to T" = 47 /Ts.

At t = 60 we perform the quench, applying the source-drain voltage.
Rapid change of the chemical potential of the metallic lead induces the
charge flow through the system. The oscillating currents jn,(t) and js,(t),
are shown in Fig. 5.6b and Fig. 5.7 for different interdot coupling values.

Here, the superconducting lead is grounded and the source-drain voltage
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Visa = by — g lifts the chemical potential puy. For the source-drain voltage
much larger than the interdot coupling |Vy4| > Vi, we notice emergence of
the quantum beats with the time period Tz = 7/V12 superimposed with higher
frequency oscillations. The appearance of these quantum beats originates
from a superposition of the sinusoidal waves of different frequencies. An
analogy of this phenomenon can be found in acoustics, where an interference
pattern results from the superposition of several sound waves of slightly
different frequencies. In the present case for ;,, =0, 'y =0, U = 0, the charge
transport involves the Andreev scattering related to position of the in-gap
bound states, which are formed at energies F = +1(\/4V3 +%/4 + [/2).
It has been shown [120-122], that for the single quantum dot coupled to
the normal leads, the jump of the source-drain voltage induces coherent
oscillations in the current characteristics, with frequency w = |Vy4 — g4|. For
the double quantum dot setup, we should replace the quantum dot energy
level by the four quasiparticle energies at which the Andreev scattering is
amplified. Taking into account the number of these quasiparticle energies, the
total current is a superposition of sinusoidal waves Z?zl a;e~Mtsin(§;t), with
frequencies €25 = Vg + wy and €374 = Vg + wy, where wyjp = Vip £ ['g/4. The
sinusoidal waves are damped with corresponding parameters A\; and multiplied
by the coefficients a; which control the the contributions to total current from
these in-gap bound states.

In Ref. [143], the authors have shown that in the normal junction the

beating pattern depends on the ratio

Wi +w
re—— (5.8)
jwi = wo
which can be applied to our case. This ratio can be expressed by the coupling
between the dots and hybridization to superconducting lead
4V

- T (5.9)

The numerical results of jy,(t) obtained for V4 = 20 (Fig. 5.6b) show that
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Figure 5.7: The post-quench currents jy,(t) (in units of e/h), obtained for several
values of the interdot coupling Vio and source-drain voltage Vi4, using: €;5 = 0,

Iy=02Tg=1,U=0[134].

the ratio is » = 8 and the following sequence of the beats can be detected:
7,7 x 5. If the ratio r is not an integer number, then the beating patterns
are significantly more complex. The plot of jy,(t) current shown in Fig.
5.6b indicates, that for large V4 = 20 the post-quench evolution is mainly
composed of the quantum oscillation with period T = 7/V}5 superimposed
with the faster oscillations, whose frequency is equal to V4. In the steady
state limit, the current jy,(t) is larger for V4 = 2 than for Vi, = 1.5, because
of the broader transport window which involves all in-gap Andreev bound
states. Additionally, we notice that the current jg,(t) differs from jy,(t), and

their difference is more pronounced upon increasing Vy;. We can attribute

this behaviour to the fact that quantum dots between the external leads wash
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out small fluctuations of the current jg,(¢). It also imposes the period of
oscillations equal 47/T's. A closer look on this beating structure presented in
Fig. 5.7, displays the time-dependent current jy,(t) after the abrupt rise of
the source-drain voltage. Here, we clearly see the influence of the interdot
coupling V75 on the interference pattern by observing the oscillations with time
period T = m/Vi2. In real measurements the period of beating oscillations
could serve as a tool to evaluate the interdot coupling Vi5. For example, if the
coupling to the superconducting lead I'g ~ 200ueV and Vis = 0.5I'g, 1I's and
21"s the beating period would be Tg ~ 21, 10 and 5 picoseconds, respectively.

This time-scale is nowadays attainable experimentally.
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Figure 5.8: The same as in Fig. 5.7 but for the correlated half-filled quantum dots
U=0.5.

Fig. 5.8 displays results obtained for the correlated case assuming both

quantum dots to be half-filled €;, = =U /2. In this particular case, the evolution
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after the quench looks almost the same as in Fig. 5.7. We notice only the
slightly different shapes of the curves. Nevertheless, the oscillation period
remains unchanged. The different profiles of the time evolution between
uncorrelated and correlated cases can be explained by almost the same initial
conditions right before the jump of the source-drain voltage. In both cases,
the functions of quantum statistical averaging of operators (...) have almost
the same values for half-filled scenario. In other cases than the half-filled
scheme, we can expect analogous behaviour of the oscillations if initially
(before the jump) the quantum statistical averaging of observables takes the

same values with and without correlations.

5.5 Quench in the quantum dot energy levels

In this section, we explore dynamics of the double quantum dot system
driven by the change of the quantum dot energy levels. We consider the
sequence of quenches imposed on the quantum dot energy levels ¢;,. First
quench occurs at t; = 60, when the energy level of both quantum dots are
raised up by the gate potential Vj: €;, = €;, + V. Second quench takes place,
when the system achieves a new stationary state (at time ¢y = 120), then we
abruptly change the energy levels back to their initial values: €;, + V, = ¢,

Let us first inspect the quantum dot occupancy of the stationary limit
t - oo (Fig. 5.9) of the quantum dots with respect to the initial energy
level €1, = €9,, for a few values of the interdot coupling Vis. We notice that
quantum dot occupancies are almost identical nq, ~ no,. Here, we observe
step-like functions of the charge occupancy characterized by plateau regions.
Upon varying the energy level the charge evolves from the filled to nearly
empty quantum dots, through the plateau regions corresponding to n;, ~ 1,
0.5, and 0, respectively. The width of the half-filling plateau region depends
on the interdot coupling and we observe its contraction with smaller Vi,.

Changeover between plateau regions occurs at €;, ~ £V)5.
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Figure 5.9: Charge occupancy of QD; in the stationary limit as a function of the
energy level e9, = €1, determined for several interdot couplings V5. The dashed line
refers to the correlated system, U = 1. Results are obtained for: Vi3 =0, I'y = 0.1,
T'g=1[134].

In Fig. 5.10, we present the current jy,(t) obtained for the strong interdot
coupling V35 = 4 and identical energy levels ¢;, = 0. We display the post-quench
evolution after the first and the second quench for several gate potentials
Vy=3.0, 3.2, 5, and 6, respectively. We notice that the post-quench evolution
has the same general properties if the energy level position ¢;, corresponds to
the same value of n;, (¢ = co0) for arbitrary V5. We thus need only to consider
the case of any value of the interdot coupling and a set of various jumps of
Eio-

In Fig. 5.11, we show na,(t), jno(t), jso(t) obtained for the interdot
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Figure 5.10: Evolution of jn.(¢) (in units of e/h), after step-like variation of the
quantum dots energy levels €;, = €5+ Vy at t = 60 and ;5 +Vy; — ;5 at £ = 120. We

assumed model parameters: €;, =0, Via =4, V;4=0,Tn=0.2,Tg=1, U =0 [134].

coupling Vi3 =4 and energy levels ¢;, = 0, where the post-quench evolution
after the first and the second quench had been obtained for gate potentials
Vy = 3.2, 3.8, 4, and 5, respectively. Such values of V, correspond to the
quantum dot’s occupancies equal to ~ 0.48, ~ 0.4, ~ 0.25 and ~ 0.015 (see
Fig. 5.9). In the first case, the jump from €;, = 0 to g,, + V, = 3.2 (top rows
in Fig. 5.11), we notice that the stationary value ny, (¢ ~ 120) ~ 0.48 and it
is nearly the same as the initial quantum dot occupancy ng,(t = 60) = 0.5.
Therefore, ns,(t) remains nearly unchanged exhibiting only small fluctuations.
Likewise, the currents jn, and jg, exhibit negligibly small oscillations in
their characteristics. After the second quench, the occupancy ns, is almost
intact ~ 0.5, but immediately after the quench the transient beating structure
appears. For the larger amplitude V, (V;, = 3.8 and V, = 4), the fluctuations
are more pronounced. We observe the oscillations with period 7" = 7/Vi5 and
the beating structure with the period T = 27/T's. Rising the value of gate
voltage V; up to V, =5 and above, the evolution after the quench differs from
the previous cases. After the first quench, ny, (for V, = 5) it shows almost

exponential decay, down to nearly zero value with the damped oscillations.
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Figure 5.11: Evolution of the quantum dot’s occupancy (a) and currents (b-c) (in
units of e/h), after step-like variation of the quantum dots energy levels €, = io+V
at t =60 and €;, + Vy; = g5 at t = 120. We assumed model parameters: €;, = 0,

Vig=4, Veg=0,Tny=02 Tg=1,U =0 [134].

In the evolution, after the second quench, the oscillations of quantities with
the period T = 27/I"g are visible without the beating structure. We conclude
that, after the second quench, the beating structure appears if ¢;, corresponds
to the slopes of ng, (t = 00) with respect to e, (Fig. 5.9) and it is absent if
€;s coincides to the bottom plateau of these same curves. For Vi <1, the
evolution after the first quench is similar to the case with large Vi, but after
the second quench the beating patterns are not visible, only the oscillations
with the period 47/T"s can be detected.

We have also performed calculations considering the Coulomb interactions
U =1 and applying the same quench procedure, see Fig. 5.12. For V, = 3.35,
4.0, 4.25 and 5.3 (which correspond to the tilted part of the curve calculated
for U =1 in Fig. 5.9), the occupancies no, are the same as in the uncorrelated
case. In the post-quench evolution we obtain almost identical behaviour of all
quantities. Like in previous chapter (Sec. 5.4), the initial conditions before
the quench are almost the same for uncorrelated and correlated cases, which
is the reason why the post-quench evolution is almost identical. This specific

scenario presents the weak influence of the correlations on the post-quench
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Figure 5.12: The same as in Fig. 5.11 but for the correlated system U = 1, assuming
the initial energy levels g;, = -U /2.

evolution. Notice that the results in Fig. 5.12 were obtained for U =['g on
the borderline of applicability of the mean-field approximation. For larger
Coulomb potential the calculations need to be done by more sophisticated

methods.

5.6 Periodic driving of orbital level positions in DQD

We extended our investigation of driven systems, discussing the double
quantum dot system under the drive of the energy levels ¢;,(t) = Asin(wt).
For simplicity, we assume that both quantum dots oscillate with the same
amplitude A and frequency w. Left panel in Fig. 5.13 presents the time-
dependent current jg,(t) obtained for w = 0.1 and for several amplitudes A,
neglecting the correlation effects. The right panel in Fig. 5.13 presents the
time-dependent current js,(t) for various Coulomb potentials U. Top panel
of Fig. 5.13a shows the transient evolution of the unbiased system (V4 =0)
which is characterized by damped oscillations with the time period 47 /Ts.
Similar behaviour of the time-dependent currents is visible in the next plots
presented in the left panel. We observe different profiles of the quantum
oscillations damped in time (up to ¢ = 20) and the long-term fluctuations

caused by the periodic driving appearing upon increasing amplitude A. In the
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Figure 5.13: The time-dependent currents (in units of e/h) for the periodically
driven €,,(t), where the oscillations are turned on at ¢ = 0*. The panel a) presents
the results obtained for Vis = 4, U = 0 and several amplitudes A. The panel b)
presents the results obtained within the mean-field approximation for V32 =3, A=3
and several values of U. The dashed line shows the profile of the oscillations energy
levels (not in scale). The other model parameters: Vg = 0, w = 0.1, 'y = 0.1,
T'g=1[134].

case of strong interdot coupling, V35 = 4, we notice that the time-dependent
currents vanish in the asymptotic limit for amplitudes A < 3.5 (see Fig. 5.13a).
For A > 3.5, the amplitude A exceeds the energy of subgap quasiparticles
therefore the oscillation of the time-dependent currents can be observed. It
turns out that the current jg,(¢) remains oscillating through all time region,
including the asymptotic limit ¢ - co. We observe that the period of this
oscillatory behaviour matches with the driving period.

In the right panel in Fig. 5.13, we present the numerical results for the
current js,(t) obtained for the Coulomb correlations U; = Uy = U within the
mean-field approximation. For comparison, the upper curve in Fig. 5.13b
presents the results for uncorrelated case. The results are obtained for the
unbiased system Vy; = 0 with interdot coupling Vi» = 3 and the driving
amplitude A = 3. We note that this case, Vi3 = A, corresponds to the situation

when the current jg,(t) oscillates in the entire time window.
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Figure 5.14: The time-dependent currents (in units of e/h) for the periodically
driven €, (t), where the oscillations are turned on at ¢t = 0. The results are obtained
for the different periodic driving schemes with profiles marked by the dashed lines
(not in scale). The other model parameters: A =2, w = 0.1, Vig =4, Viq =0,
I'y=02Tg=1,U=0[134].

Fig. 5.13b displays the influence of electron correlations. With increasing
U, we observe the suppressed amplitude of the current. However, the details
of the oscillations remain still visible.

Studying the periodically perturbed double quantum dot heterostructure
we now consider different profiles of the drive. Fig. 5.14 presents the time-
dependent current js,(t) imposed by the periodically driven energy levels
€ir(t) = €ix(t+T). In each plot, we included the corresponding driving profile
marked by dashed lines (the amplitude is not in scale). Moreover, we assumed
the same amplitudes and frequencies. For the step-like variations of the
quantum dot’s energy level, we observe the enhancement of the current after
each change of ¢;,. Those oscillations are damped in time and their lifetime
is smaller than the period of the drive. For more smooth profiles of ¢;, the
amplitude of the revival oscillations decreases and the current characteristics

are correlated with the current plot for sinusoidal changes of the quantum
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dot’s energy level.

In the periodically driven system, we can calculate the averaged quantities
over one driving period, e.g., current and differential conductance. This has
been done for one single quantum dot system in Sec. 4.3 using the Green’s
function method. The observable averaged over one driving period gives more
precise information about the role of the amplitude A and frequency w of the
oscillating quantum dot’s energy level. Here, we use the Heisenberg equation
of motion method, inspecting the charge currents averaged over a single period
T =27 /w of the perturbation and we analyse the quasiparticle features visible
in the nonequilibrium transport properties of the investigated heterostructure.
We calculate the Andreev current average over one driving period (jno(t))s, =
%ftZMTjNU(t)dt and its differential conductance Gy (Viq) = #‘id(j]vg(t))to
with respect to the source-drain voltage Vy; and driving amplitude A or
frequency w.

Till ¢ < 0 we assume both quantum dots to be empty and (at ¢t > 0) impose
the driving on ¢;, simultaneously with applying the voltage Viy = un — pts-
The time-dependent evolution of the currents is presented in Fig. 5.13, where
we observe the oscillations due to the driving force. In a long time evolution,
the current becomes nearly periodic in time, therefore we can calculate its
average value. It is important to notice that the period of the drive and the
period of the currents become the same in the long time limit. In Fig. 5.15 we
present the numerical results of the differential conductance Gy, (Vsq,w) for
the set of the model parameters, where 'y << I's and €4 = 0. The maps present
the averaged Andreev conductance obtained for two values of the interdot
coupling Vi and several amplitudes A, as indicated. Panels in Fig. 5.15
display the characteristic features of the driven quantum system originating
from the absorption/emission of the external field quanta. In general, we
notice the main quasiparticle peaks appearing at :I:% (\/m + FS/Z)
and their higher harmonic peaks. Moreover, the avoided crossing behaviour

between the peaks of different harmonic levels can be noticed.
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Figure 5.15: The averaged over one driving period Andreev conductance Gy, (in
units of 2e? /h) as a function of frequency w and the source-drain voltage V4. The
results obtained for several amplitudes A and interdot coupling Vi2 (as indicated).

The other model parameters: I'y = 0.1, s =1, U =0 [134].

Some properties of the photon-assisted tunnelling through the quantum
dots placed between the normal electrodes have been previously studied in
literature [144-146]. For such system, the main resonance peaks and harmonic
bands are modulated by the square of the Bessel functions of the first kind
J2(AJw) (see Fig. 4.3). In the Josephson junction, where the single quantum
dot is embedded between two superconducting leads, the quasiparticle peaks
are proportional to the following Bessel function J2(2A4/w) [69,147|. Here,
the argument is doubled due to the fact that the Cooper pairs are the charge
current carriers.

In our N-DQD-S heterostructure, we observe that the harmonic peaks

are weighted by the squared Bessel function JZ(2A4/w). For the constant
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Figure 5.16: G, (in units of 2e?/h) averaged over one driving period Andreev
conductance as a function of the amplitude A and the source-drain voltage Vq.
The results are obtained for several frequencies w and interdot coupling Vo (as

indicated), using: I'y =0.1, g =1, U =0 [134].

amplitude A = 4 (see Fig. 5.15d), the quasiparticle peaks disappear at
frequencies w for which the Bessel function is equal to zero, e.g. w ~ 3.3,
1.45, 0.92. They correspond to the first, second and third zero of Jy(2A/w),
respectively. Moreover, comparing Figs.5.15¢ and 5.15d, we see that the value
of w for which the main quasiparticle peaks and higher harmonics disappear
is independent of the interdot coupling V5.

To investigate the influence of the amplitude on the quasiparticle spectrum,
we calculated the averaged Andreev conductance with respect to Vi and A,
for a few values of the interdot coupling Vi3 and frequency w (see Fig. 5.16).
In the stationary situation, for A = 0, there exist four peaks in the differential

conductance. Upon increasing the driving power, the main quasiparticle peaks
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loose part of the spectral weights (intensity) at expense of the higher order
replicas. With the growing amplitude, the larger number of replicas can be
detected at energies w, +w, +2w. Simultaneously, their total spectral weight
undergoes substantial redistribution. Besides this tendency, for specific values
of A, the spectral weight of individual harmonics vanishes and then again

reappears.

A=10 b)3 A=20 G

Figure 5.17: The averaged Andreev conductance Gy, (in units of 2¢2/h) as a
function of the interdot coupling Vi3 and the source-drain voltage Vgy. The results
are obtained for several amplitudes A (as indicated), using the model parameters:

w=1,Ty=01,Tg=1,U =0 [134].

Fig. 5.17 presents the plots of averaged Andreev conductance against
the source-drain voltage V,,; and the interdot coupling Vis, obtained for two
values of the driving amplitude A and frequency w = 1. The left panel in
Fig. 5.17 presents the quasiparticle peaks appearing around +nw. Upon
increasing the coupling V}, the peaks gradually split into the lower and upper
branches. The branches of conductance peaks never cross each other because
of the quantum mechanical interference [148]. In the case with the larger
driving power (right panel in Fig. 5.17), we also observe this avoided crossing
behaviour. Moreover, the harmonics consist of two nearby located peaks.

Finally, we investigate the influence of the electron correlation on the
differential conductance Gy,. Fig. 5.18 shows the results for Gy, as a

function of the source-drain voltage V4 calculated for several values of the
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Coulomb repulsion force U and the following set of parameters: Vi, = 2,
A =2 and w = 2.5. In comparison to the first plot presented in Fig. 5.18
(for uncorrelated case), we observe two doubled main quasiparticle peaks
localized at Vyy = +E* = ﬂ:% (\/W + FS/Q). We observe the first-order
harmonics at Vy; = + E* ¥ Aw and the peaks from the second-order harmonics
localized at V,y = + E* ¥ 2hw. For larger electron correlation, the quasiparticle
peaks change their heights. Upon increasing U, we observe more asymmetric
distribution among the second-order harmonics as compared to the first-order
harmonics, which have nearly symmetric shape. Position of the quasiparticle

peaks are nearly insusceptible to the electron correlations.

— U=00
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Figure 5.18: The averaged Andreev conductance G = Gy, (in units of 2¢2/h) as a
function of the source-drain voltage Vyg. The results obtained within mean-field
approximation for several values of U (as indicated), using: Via = 2, w = 2.5,

I'y=01,Tg=1[134].
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5.7 Summary

In this chapter, we discussed the transient effects and the post-quench
dynamics of the double quantum dot system. We presented that the transient
effects are characterized by damped quantum oscillations with the exponential
envelope function e *'~/2, The period of these quantum oscillation coincides
with energies of the in-gap states for the system.

The post-quench evolution induced by jump of the source-drain voltage has
shown that the quantum oscillations are the superposition of the sinusoidal
waves Zil a;e~Mtsin(€;t), with adequate frequencies Qijp = Vg +wp and
Q34 = Vig + wo, where wyjy = Vig + ['s/4. For the large source-drain voltage
|Vsa| > Via, the beating pattern depends on the ratio r = 4Vj5/T's.

We also analysed evolution of the system after the sudden shift of the
quantum dot energy levels. We noticed, that the evolution of the system after
the quench mostly depends on the initial occupations n;, (right before the
quench) and the magnitude of gate potential V. For the energy shifts which
coincide with the plateau and slope regions presented in Fig. 5.9 (plot of the
charge vs. energy level of quantum dots) some universal properties of the
oscillations can be detected.

In the last part we presented the results for the system influenced by the
periodic driving of the quantum dot energy levels. The oscillations of the time-
dependent currents are induced when the amplitude of the drive is close or
exceeds the value of the coupling V;5. We noticed that for stronger correlations
the amplitude of the oscillations decreases, but the characteristic shape of
currents remains unchanged. We also presented the conductance averaged
over one driving period. Such conductance is characterized by the main
quasiparticle peaks appearing at ﬂ:% (\/W £/ 2) and emergence of
the higher harmonic peaks caused by the emission/absorption of the energy
quanta. The correlations affect the distribution of the quasiparticle peaks,
mainly by their height (spectral weight). Position of the quasiparticle peaks

weakly affected by the electron correlations.






Chapter 6
Machine learning simulations

In this chapter we discuss a computational method of a machine learning
(ML) [149,150] applied in our study to investigation of the driven systems.
Considering the double quantum dot system, the numerical solution of the
Heisenberg equation of motion consumes a large amount of computational
power and time. Our numerical procedure has been parallelized which greatly
increased the effectiveness of our code. However, to obtain a single map of the
averaged conductance over one driving period using CPU 2x Xeon E5-2660
(2.2GHz 16 cores/ 32 threads) took almost one week of calculations. To avoid
such difficulties an auxiliary procedure based on a machine learning algorithm
has been developed.

In this section the concept, main principles and structure of the machine
learning algorithm will be introduced. For brevity we present here only the

most important details.

6.1 Fundamentals of artificial intelligence

In general, the machine learning is a numerical method of data analysis.
The purpose of the machine learning is to expose patterns and correlations
between the particular variables of the investigated case. The idea of the

machine learning algorithm has been presented in 1959 by Arthur Samuel [149],
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who was the pioneer in an artificial intelligence (AI) field. The machine
learning is a subfield of the artificial intelligence, which can be regarded as a
simulation of the human mind. The main purpose of the artificial intelligence
is to mimic humans actions, and program machines to behave like humans.
Those simulations can be applied to learn and solve some specific problems.

The artificial intelligence is based on an artificial neural network, which
is composed of the single nodes called perceptron (see Fig. 6.1). Moreover,
the idea of preceptron is based on the working principles of the neuron. In
general, the preceptron can have any number of inputs and outputs, which are

represented by numerical values. Every input is multiplied by a corresponding

input 0

weight 0

activation
function

input 1 \yeight 1

bias

Figure 6.1: Idea of the perceptron.

weight. Then the result of the multiplication is passed to an activation
function and finally, in the output, the specific result is obtained. Sometimes,
the activation function requires additional bias value. It happens when the
sum of inputs does not fulfil the properties of the activation function. For
example: The perceptron returns 1 if the sum of inputs is positive number or
0 if the sum of inputs is negative number. The problem occurs if the original
input is zero. Then an addition of the extra bias value equal +1 solves the
problem. Mathematically, the concept of the perceptron can be pressented
by a simple sum Zf\:fo w;x; + b, where N denotes number of inputs, w; is the
weight corresponding to the specific input z; and b is the bias value.

A larger number of perceptrons can create the matrix form that is the
neural network, schematically presented in Fig. 6.2. The particular parts of

the neural network can be specified: input layer, hidden layer, output layer.
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The input layer consists of the perceptrons whose number usually corresponds

input hidden output
layer layers layer
—

O

Figure 6.2: Graph of the artificial network.

to the number of features or properties of the considered case. In the center
of the neural network, the hidden layers are located. The number of the
hidden layers and the number of nodes in the specific layer is an arbitrary
value. Often the hidden layers are called the level of abstraction because
their outputs do not represent any physical value. At the end of the neural
network, the output layer is located. The final layer returns the predicted
value of the formed model.

In the model, besides the number of layers and nodes, a crucial role plays
the activation function. Depending on the task, the appropriate activation
function must be applied. If we consider a classification problem then the
logic function will be the appropriate choice. For more complex cases the
more dynamic functions will be better. The most common functions having
good performance are: Sigmoid function - S(z) = (1 +e™®)~!, Hyperbolic
Tangent - tanh(x), Rectified Linear Unit (ReLU) f(x) = 2* = max(0, x).

6.2 Basics and functions of the learning protocols

To grasp the idea of the learning process, some particular information
needs to be presented. First of all, let us consider the case of the single

perceptron and its predictions.
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For random weights, the output of the perceptron and the expected
value are inconsistent. Adjustment of the perceptron weights is called the
learning process. To measure the discrepancy between predicted value and
the expected value we can use a cost function. The cost function C' evaluates
the performance of the neuron that is measured by how far off the predictions
x are from the true value y. One of the most common function is a quadratic
cost C' = YN (y;—x;)%/ N, which is not an efficient function and could increase
the time of the learning process. For this cost function, the larger errors are
more pronounced due to the squaring. Another, more efficient cost function is
a cross entropy C = -+ Yo [y; In(x;) + (1 - y;) In(1 - 2;)]. The cross entropy
allows for a much faster learning process because the larger the difference, the
faster the perceptron can learn. The cost functions are indirectly dependent
on the perceptron weights.

A subsequent important aspect of the learning process is a gradient descent
(the delta rule). The gradient descent is an algorithm for finding the minimum
of the cost function C, schematically presented in Fig. 6.3. As we see in

C(w)
A Gradient

initial 1@11 /V
y
17
¥/
<

Global hinimum

>
Figure 6.3: Visualization of the gradient descent algorithm.

Fig. 6.3 there exists a value of weight w which for the cost function C'(w)
has its minimum. The gradient descent algorithm is based on an iteration
process. The algorithm starts with a random set of perceptron weights and
calculates the error for each next step of the iteration, updating the model

parameters until the result is the minimum of the cost function. This process
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has following pseudocode structure

while: C(w;) # min[C(w)] {

where « denotes a learning rate. The learning rate define how quickly the
gradient descent algorithm moves towards the minimum of the cost function.
Inappropriate value of the learning rate negatively affects the gradient descent
algorithm, if « is too small the algorithm makes small steps that extend
calculation time. On the other hand, if « is too large the algorithm can
overshoot and do not find the solution. One can specify three types of the

gradient descent algorithm:

e Batch gradient descent - all of the training data is considered by an
algorithm to make a single step. The algorithm takes the average of the
gradients of all the training points and then uses that mean gradient to
update the perceptron weights. One step of gradient descent is called

one epoch.

e Mini-batch gradient descent - the algorithm takes small portion of the
training data called batch. The batch is used to update the perceptron

weights in each iteration.

e Stochastic gradient descent - updates the perceptron weights in each
iteration using only a randomly selected single batch from the training

data set.

In more complex cases, when the neural network is considered, the larger
number of perceptrons and their weights are needed to figure out the solution.
To adjust the values for the perceptron weights and minimize the cost function
across our entire network by the gradient descent algorithm we need to use
a backpropagation. The backpropagation algorithm is a generalization of

the gradient descent algorithm for the artificial neural network. Such an
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algorithm calculates the gradient of the error function with respect to the
neural network’s weights. The calculations proceed backwards through the
neural network. At first, the algorithm calculates the gradient of the loss
function for the final layer, then going back calculates the gradient of the
loss function using the weights of the subsequent layers up to the first layer.
The backpropagation algorithm is an algorithm for a supervised learning.
Supervised learning is one of the types of machine learning, it uses the labeled
data sets to model dependencies between the target predictions and the input
features.

The learning protocol is a combination of the particular procedures pre-

sented above, schematically visualized in Fig. 6.4. To train the neural network

test ;\

data “~— train — train . test _»eva'[_uate
model model model

\ g —
holdout

Figure 6.4: Scheme of the learning protocol for the artificial neural network.

we require a prepared dataset, which will be divided into three subsets: train,
test, holdout. The train subset contains the data for the training process,
which teaches our neural network by using the gradient descent and backprop-
agation algorithms. Then the efficiency of the established neural network is
checked by data from the test subset. If the predictions of the model are not
convergent to the true values the training procedure will be performed again.

The final correctness of the neural network is verified by the holdout subset.
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6.3 Adaptation of artificial intelligence to the driven

double quantum dot system

In our specific case of N-DQD-S heterostructure, we train the neural
network using supervised learning and the mini-batch gradient descent. Our
data set is a compound of 76 conductance maps. The maps of the conductance
averaged over single driving period have different resolutions and in total give
971760 data points. To increase the number of points, every map has been
linearly interpolated, giving us 3887040 data points in total. As software
we choose Tensorflow, the open-source machine learning library having an
integrated programming interface Keras [151].

In the model of the densely connected neural network (see Fig. 6.5), we
have four parameters in the intake layer (Vi2, w, Vi, A) and the output layer
with the single neuron (G), where the hidden layers are composed of the

layers consisted of 2048, 1024, 512, and 256 neurons, respectively. The size

hidden layers

layer

+
3
IS

=
3
[}

| o)

Figure 6.5: The densely connected artificial neural network.

of the neural network is caused by the nonlinearity in the system. Every
single neuron has the sigmoid function as the activation function. To avoid
overfitting of the model we defined a dropout of 1% neurons on every learning

step. In the training process, we established the batch size 1024 and the
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number of epochs equal 600, which gave us the fidelity coefficient R? = 0.987.

a) b), G
0.3 '
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Figure 6.6: a) The plot of the differential conductance predicted by the neural
network versus calculated values. b) The reconstruction of the conductance map in

Fig. 5.16a generated by the neural network [134].

0.10

0.00

Figure 6.7: The calculated conductance map (panel a) and generated by the neural

network (panel b) obtained for Vig = 1.7, w = 2.5 [134].

Fig. 6.6a shows the discrepancies between the calculated and predicted
values of GG for our model, which is deflation of the points from the red
line. Fig. 6.6b presents a reconstruction of the conductance map for specific
system parameters, which has been included in the train data subset. For
comparison, panels in Fig. 6.7 show the conductance maps obtained from

the direct calculation (panel a) and by the neural network (panel b). The
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map shown in panel a) in Fig. 6.7 has not been used for learning the neural
network. Those results have been published in [134].

In Fig. 6.7, we see the qualitative reconstruction of the calculated by
equation of motion method conductance map. With this approach, we are able
to simulate new conductance maps for a periodically driven double quantum
dot system and many different values of the controlling parameters. Recalling
that we can control: source-drain bias voltage V4, amplitude A and frequency
w of driving field and the strength of interdot coupling V5. The analysis and
properties of these maps are discussed in Chapter 5.6. The machine learning
model of the double quantum dot system allows us to simulate the same
conductance map faster. We have managed to reduce the calculation time to
less than an hour, where calculations using the equation of motion method

required more than a week.
This neural network model is available at the following webpage:

www . dropbox. com/sh/0hzs9im3d3bf0jr/AADRr3kltw2m0dCCh8tedoIWa?dl=0



www.dropbox.com/sh/0hzs9im3d3bf0jr/AADRr3kltw2mOdCCh8tedoIWa?dl=0




Chapter 7

Summary and Outlook

This dissertation presented a study of the superconducting nanostructures and
their time-dependent properties. We have investigated the systems composed of
the single and double quantum dots embedded between the normal metallic and
superconducting leads. We have inspected response of such systems on various
dynamical perturbations, i.e.: transient effects (sudden coupling of the quantum
dots to the reservoirs), abrupt application of the source-drain voltage, quench in the
quantum dot energy level, sudden change of the coupling to the superconductive
electrode. Moreover, we have analysed the evolution of the system under the
periodic driving of the energy level of the quantum dots. Variety of the protocols
has resulted in a plethora of emergent physical phenomena. Here, we briefly recollect

the most important findings.

Single quantum dot

For the single quantum dot system, placed between the normal metal and
superconducting electrode, we observed the time-dependent emergence of the An-
dreev states. Formation of the bound states in the quantum dot at energies

E4= i\/(é‘d +U/2)? + (I's/2)? has an oscillating character, with period 27/ E 4 and

the relaxation processes are governed by envelope function e TV,

After the rapid switching the source-drain bias voltage in the uncorrelated
quantum dot system, we also observed the oscillations of the charge current. Those

oscillations resulted from the superposition of two contributing currents with the
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frequencies wy o = puy + 's/2. We noticed that the current to normal lead jn, () is
consisted of the high frequency component w = 1 and the low frequency one with
the time period T' = 27/T"g, whereas the current jg,(t) revealed oscillations with
only the lower frequency.

In the post-quench evolution of uncorrelated system (imposed by variation of
the quantum dot energy), the oscillatory behaviour of the observables revealed
the period T' = 2r/\/T% +4(Aeq)?. For the correlated quantum dot system, we
discovered the phenomenon resembling the 0 — 7 transition, sign-reversal of the
oscillating observables. Investigating the influence of the suddenly changed coupling
to the superconducting electrode, we observed the transition from the doublet to
singlet configurations.

For the uncorrelated system we found that the periodical driving field induced
the harmonic states in the quasiparticle spectrum. Such harmonic states emerged
from the Andreev states and showed up in the differential conductivity of N-QD-S
heterostructure. We also noticed that the harmonic states linearly depend on the

driving frequency and they split due to the superconducting proximity effect.

Double quantum dot

For the double quantum dot system placed in series between the normal
metal and superconducting electrode, we observed the time-dependent forma-
tion of the Andreev states appearing in the differential conductance at E =
+1 ( AVE +T% /4« FS/2) (for ;s = 0).

In the post-quench evolution induced by the source-drain voltage, we noticed
emergence of the quantum beats with the time period Tp = w/Vi2. The appearance
of the quantum beats is due to the superposition of waves of different frequen-
cies. The total current can be represented as a superposition of sinusoidal waves
Y2 aeNitsin(Qt), with frequencies Q9 = Veg 2 w1 and Qg = Vg + w2, where
wijg = Vig £ I's/4. For the correlated case at the electron-hole symmetry point
gio = —U/2, we observed similar behaviour of the observables.

Subsequently, we investigated the quenches imposed on the quantum dot energy
levels e;,. We established the protocol, consisting of the first (¢;, — €5 + V) and

the second quench ( €j, + V; = €;5) for ;o = 0. After the first quench, for V, < Vi2,
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we observed the damped oscillations in the characteristics of observables and almost
unchanged occupancies of both QDs. For V, ~ V12, we observed more pronounced
oscillations with the period T' = 27/T'g and variation of the occupancy of quantum
dots. In the evolution, after the second quench, for Vj ~ V12, the fluctuations were
more pronounced. We observed the oscillations with period T = 7/Vj2 and the
beating structure with the period T = 27/I'g. For V; > Vi, the evolution after
the second quench revealed the oscillations with the period T = 27/T'g without the
beating structure. The post-quench dynamics proved to be strictly dependent on
the ratio between Vj; and Via. For the correlated case, at half-filling €, = U /2, we
observed similar behaviour of the observables.

Additionally, for the double quantum dot system with the periodic driving, we
found appearance of the harmonic peaks weighted by the squared Bessel function
JZ(2A/w). They originated from the Andreev bound states and evolved depend-
ing on the amplitude and the frequency of the driving field. These branches of
conductance peaks never cross each other. For investigating the emergence of the

harmonic peaks we constructed the machine learning model (discussed in Ch. 6).

Outlook

In the future studies, we would like to investigate Majorana modes in systems
with the periodic driving. In our opinion, the Majorana modes should have a
impact on the conductance map of the system with the single or double quantum
dot. In multi-terminal systems with the side-attached Majorana wire [152,153],
the dynamics induced by the different types of quench protocols would be worth
addressing as well. Additionally, it would be interesting to explore the influence of
strong electron correlations on the post-quench dynamics of states in the double
quantum dot.

Furthermore, it would be worthwhile to investigate the dynamics of quantum
dot arrays connected to superconducting reservoirs, and analyse their evolution
induced by different types of perturbations. Another issue for investigation could be
the time-dependent entanglement between quasiparticles in heterostructures with

the topological superconductors.






Appendix A

A.1 Differential equations of motion for N-QD-S

Solving the Heisenberg equation of motion for N-QD-S Hamiltonian we get the

closed set of equations:

dif1 = di{ngy(t)) = 2Im [Z Vke_iEthfkl - z%fl - Ascf3:| , (A.1)
k
dtfg = dt(ndl(t)) =2Im |:Z Vke_iEthfkg - ZF7Nf2 - Ascf?):l s (AQ)
z
dy fs = de(dy (t)dy (1)) = =i (ear(t) + €qy (t) —iln) f3 = iBse(1 - f1 = f2)
—i Y Ve N g+ 0y Vie TN fg, (A.3)
k z
dy fr1 = dy{d] () exr (0)) = | iear (1) - FTN] fr1 + D¢ fra
+in€iEth77L(€k), (A.4)
gt . I'ny .
difr2 = di{d|(t)cky (0)) = |icay (t) - 7] fra = iQsc fr3
+iVee N R (), (A.5)
i = Aol (Ders(0)) = [0 () = 22| s = e (A6
difin = duldy (e (0)) = [ =iz - 2] fa + iBucia, (A7)

where ni(e;) = [1 +exp ((ex, — pn ) /kT)] ™" is the Fermi distribution function of the

normal lead electrons and d; = %.
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A.2 Differential equations of motion for N-DQD-S

The closed set of the differential equations corresponding to the N-DQD-S

system Hamiltonian:

difi = di{nir(t)) = 2Im [Via f7 - Ase f5], (A.8)
dif2 = di(n1) (1)) = 2Im [Via fs — Ase f5], (A.9)
dif3 = dy(nay (1)) 2Im[ S Vie k! fs - z— N o= Vig f7], (A.10)
dif1 = di{na) (1)) QIm[ > Vie " fre - z—f4 Vlgfg], (A.11)
def5 = de{dry ()dir () = —i[er(t) + €2, (t)] f5 + iVaz [ fo = fio]

—ilsc [1 - f1 - fol, (A.12)
dife = di{day (t)dar(t)) = =i [ea1(t) + 2, (t) —iTN] fo + Va2 [ fo — fi0]

+i % Vie 5 [ far = fs], (A.13)

du fr = difdl, (£)doy (£)) = i [€1¢(t) —en(t) + %FN] fr+iVia (fs = fi) +iAscfio
—i Y Vie " fra, (A.14)
2

s = Al ()ay (1)) =i [e14(0) - 220(0) + ST | s+ iVha (- £2) = iBocfy
~i > Viee L fro, (A.15)
k

o = dilds (D (8) = =i [0 (8) + ea(8) = ST | fo+ iVRa Ufs + fo] = iBuchy
-1 Z Vkeiisktfkg, (Alﬁ)
k

d f1o = de{dyy (t)doy (t)) = —i [EN(t) +en(t) - %FN] Jfro=iVia[fs + fo] + iAsc fr
-1 Z Vke_igktfk4, (A.l?)
%
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di frr = di{d], ()it (0)) = i1t (8) fr + iVinfis + il scfras A.18
difr2 = dy(dl (£)ery (0)) = ie1y () fuz + Via frs — iDsefrss A19
difrs = di —ie11(t) frs — Va2 fer — iDse fr2, A.20

) (A.18)

{ ) (A.19)
{dir()ex, (0)) (A.20)
di fra = di{dry (£)cry (0)) = —iery (£) fra = iViafus + ilscfrr,  (A.21)
dy frs = di{db, (t)cry (0)) = i [sﬂ(t) + %FN] fis +iVizfir (A.22)
(A.23)

(A.24)

(A.25)

(A.26)

+iVie a(ey),
d¢ fre = dt(dél(t)cm(O» =1 [52l(t) + §FN] fre +1Via fio
+iVi,e a(ey),

di frer = di(doy(t)cxy (0)) = —i [Ezr(t) - %FN] frr = Va2 fis,
dtfkg = dt(dgl(t)clﬁ(o» =— I:Egi(t) — %FN] fkg - iVlng. (A.27)

Such systems of differential equations can be solved by iterative methods. In
our investigation, we applied Runge-Kutta 4th order method. However, other and

faster numerical methods, e.g. Dormand—Prince, can be implemented.

A.3 Non-equilibrium Green’s function formalism

In quantum physics the many-body system can be governed by time dependent
Hamiltonian H (t). The idea of adiabatic switching relies on assumption that in
the past ¢ = —oo the system was in initial state defined by the many-body density
matrix p(—o0) and from that point evolves according to the Heisenberg equation of
motion %p(t) = —%[f[(t), p(t)]. For h =1 the formal solution is represented by the
initial state and the evolution operators p(t) = U(t,—o0)p(—00)Ut(t, —o0), where
the operators are defined as follows

ﬁ(t,t') —Te i S H(m)dr _ ]\lfim o tH (80t —iH (t-8t)5t  ~iH (t'+6t)5t (A.28)

and 8t = (t —t)/N denotes the infinitesimal time step. The expectation value of
observable O for the system at specific time ¢ is defined as
Tr{Op(t)} _ Tr{U (=00, t)OU(t,~00)p(-00)}

OO = ) T{o(1)] ’

(A.29)
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where the trace is performed over the Hilbert space of many-body Hamiltonian
[154-156]. The numerator of the fraction includes the time evolution operator
describing the system evolution from ¢ = —oco to time ¢ and backward to ¢ = —oo.

The zero temperature expectation value of the operator O in equilibrium is
defined as (GS|O|GS) = (0|U(-c0,t)OU (t,-00)|0), where |GS) = U(t,-00)|0) is a
ground state of the interacting system and |0) denotes a vacuum [157]. The evolution
operators describe the evolution of the non-interacting vacuum state |0) toward the
ground state |GS) through the adiabatic activation of interactions. It is claimed
that the adiabatic evolution of the system along the entire contour and back to
the starting point results in an additional phase factor (0|U(+00,—c0) = (0]e’*. To
compensate the phase factor in the definition of the expectation value for operator
we can divide by this term (GS|O|GS) = (0|U (+00,t)OU(t, —0)|0)/e*", then the
evolution describes only the forward path without backward segment.

This approach does not work in nonequilibrium situations. For the case, when
the system was driven out of equilibrium, the final state depends on the switching
protocol and the entire evolution of the system. The final state does not have to be
the same as the initial state. To avoid the needed of knowing state of the system at
t = +00, we can use the Schwinger approach [158]. The evolution of (A.29) can be
extended from ¢ to t = oo and backward by substituting U (, +o0)U(+00,t) = 1 and

written as

Tr{f](—oo, +oo)U(+oo,t)@U(t, —00)p(—00)}
P ’

which is the evolution along the closed time contour C. In temperature limit 7" — 0,

(O(t)) = (A.30)

those two branches of the time evolution are depicted by the Keldysh contour in

Fig. A.1.
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Figure A.1: The Keldysh contour C including the forward C and the backward C_

branches.

In the Keldysh formalism, where the time evolution of observables is governed
by the contour, the path-ordered Green’s function is defined as a quantum statistical

averaging of the fermion operators
Gj(tt') = —i(Te{es(t); eh()}), (A.31)

where é}(t') is creation operator for electron in state j and time ¢’, ¢;(¢) is annihila-
tion operator for electron in state ¢ and time ¢. The single particle Green’s function
describes its propagation through time and space. Here Te is a time ordering
operator which governs the operator’s positions on the Keldysh contour [154]. The
contour-ordered Green’s function can be divided on four different types, depending

on the forward or reverse branches:

GS (1) = —i(Te{ei(t); eb(¢)}) ' e Cy "casual,
Ge (4.41) = G7i(t,t') = —i(éi(t);é;r.(t’)) teC_,t' eCy 'greater”,
(VAN -
ij(t,t') = +i<é;(t'); ¢i(t)) teCy,t'eC-  Tlesser",
{

é = —idT L5 () ot it
Gy (t,t') =i Zc{cz(t),cj(t')}) t,t' e C_  "antitime-ordered".
(A.32)

The "casual" Green’s function is also called "time-ordered" Green’s function. For

the fermionic operators the time-ordering operator T¢ fulfils the following conditions

R s ) ift>t
Tode(t);eh (1)} = (e A=t (A.33)

—eh(tei(t) it >t
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Fermionic operators obey the anticommutation relations:

{éi, ¢} =0, (A.34)
{el.ely =0, (A.35)
{éz',é}} = dij, (A.36)

where anti-commutator is defined as {A, B} = AB + BA and J;; is the Kronecker
delta.

Having defined the contour-ordered functions, we can write down fundamental
objects of the Keldysh technique: the retarded (r), advanced (a) and Keldysh (k)

Green’s functions

G (1,1") = =i0(t = ') ({e(0); el (1))
=0t -t') [G;(t,t) - G;(t,1)] (A.37)

G (t, 1) =i0(t' - t)<{é¢(t);é}(t')})
=0(t' - ) [Gy;(t,t") - G3;(t, )], (A.38)

Gl (t, 1) = G5t ) + G5 (¢, 1), (A.39)

where 6(z) is a Heaviside step function. These relations are only valid when ¢ # ¢'.
Since by definition of the greater and lesser Green’s function in (A.32) [G<]" = -G,

one notices that

[G"] = G°, (A.40)

[GF]T = -G*. (A.41)

For non-zero temperatures 17" > 0, the Green’s function becomes more complex.
In order to obtain information about the particle and its space-time position as
a function of temperature, we need to introduce the Matsubara Green’s function
[159,160]. Thermal averaging (O) = Tr (e‘ﬁﬁ) =Tr (e”(_imﬁ) =Tr (e”“q) is
equivalent to evolution along imaginary axis from 0 to —i3, see Fig. A.2. Therefore,

the Matsubara’s approach is called the imaginary time approach with

t— it (A.42)
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Figure A.2: The Keldysh or Konstantinov-Perel’s contour in the complex time plane

with forward C,, backward C_ and imaginary branches.

Recalling that, for general operators A and B, the Green’s function is homogeneous

with respect to time, i.e. it depends only on a difference of the imaginary times:
Gap(m1,72) = Gap(m —72) = Gap(7), (A.43)

and that the function G4p(7) is periodic (anti-periodic) function for bosonic

(fermionic) Green’s functions
1 ~
Gap(T—-mp) :—ETr (eiﬁHTCA(T—mB) B) (A.44)
with a general argument 7 being in range

mB <1< (m+1)p, (A.45)

where m denotes an arbitrary integer, we can show its other properties. If T—mg >0

the Green’s function fulfills
1 A~
Gap(T-mp) = —ETr(e_’@HBA(T— (m + 1)5)), (A.46)

and if 7 < 0 the operators obey BA(7) = —yT¢A(7) B, where 7 is an integer number.

Since 7 — (m +1)5 < 0 the Green’s function follows
Gap(T-mpB) =-nGap(T - (m+1)B). (A.47)
In particular case, when m = -1, we see that

GAB(T):—UGAB(T‘FB) (A.48)
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and the Matsubara functions are periodic (anti-periodic) for bosonic (fermionic)
choice of the time ordering. Since both functions are periodic with period 28 the

Matsubara Green’s function can be expanded in the Fourier series as follows

1 = —Wm T
Gilp() == > e Ghp(wm) (A.49)

m=—00

with frequencies distinct for bosonic and fermionic propagators

QWTW for bosons,

W = (A.50)
w for fermions.

A.4 Langreth rules

In the uncorrelated case the contour ordered Green’s function satisfies the Dyson

equation of the general form

GOt 1) = g°( ) + ]C dr /C dr' ¢ (t, )5 (7, 7Y G (7, 1), (A.51)

where ¢g°(t,t") is bare Green’s function and X¢(7,7") a self-energy term. In this

equation the time convolution between the functions occurs via
Ot 1) = [C drA(t, ) B(r, 1), (A.52)

with the integrations over the extra time argument 7 on the Keldysh contour. We
can assume that ¢ is on the first part of the contour and ¢’ belongs to the second
half. The time convolution between the functions deforms the Keldysh contour. For

future investigation let us analyse a "lesser" function

C<(t,¢') = [C ATA(LT)B(nt) + fc ArAS(LT)B(r.Y). (A.53)

Lesser function C<(t,t") can be split into two integrals with two different branches
C1 and C5, which means that we deform the Keldysh contour by adding two
extra branches. In the first term, the sign < for function B occurs because in the
integration over contour Cj argument 7 is always lesser than ¢’ (similar for the

second term). The first part of (A.53) can be slit into two parts

[ arawn ) = [ ara o) [
E[: dr A" (t,7)B<(1,t") (A.54)

S dr AS(t, ) B (r, )
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due to definition of the retarded Green’s function (A.37). The second term on the
right hand side of (A.53) can be analysed in the similar manner and in the result

B function is "advanced" function

fo ArAS(LT)B(r. ) = fc ArAT(LT) B (7). (A.55)

Combining (A.54) and (A.55) we can rewrite (A.53) in form of the first Langreth’s

rule:
C(t,t') = [oo dr[A"(t,7)B<(1,t") + AS(t,7)B*(r,1")]. (A.56)

The "retarded" or "advanced" component of a contour ordered C(t,t") (A.52)

function is

Cro(t,t') = f : dr A™(t, 7) B (1, 1'). (A.57)
The proof for "refarded" function is as follows:
C(t,t)=0(t-t')(C”(t,t') - C(t,t))
—0(t=t) [ " arlA" () (B (r,¢) - BX(r.t)
(A% (t,7) - AS(t, 7)) BY(r, )]
=0(t - t’)[[; dr(A”(t,7) - A<(t, 7)) (B> (7,t") - B(1,t"))
n f; dr(A>(t,7) - AS(t, 7)) (B (1,1) - B(r,t'))]
- ft L dr AT )BT (1), (A.58)

For the time convolution of more than two functions C(t,t") = [, ABC' the "lesser"

or "greater" function type of C'(t,t") posses the form
< = ft [ATB"CP< + A" B>C® + A<BC9] (A.59)
where the integration is over real time axis. The lesser function C* reduces to
o< = ft ATB<CY, (A.60)

when a steady state is turned on by adiabatic evolution from ¢ = —oo to t.
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A.5 Convolution in Fourier space

With the Keldysh contour function C(¢,t") can be rewritten in the form of
product of other functions C'(t,t") = [ = dr A(t,7)B(,t"). Below, the proof of the

time convolution between two-times function in Fourier space is presented:

C(t,t’):[:dTA(t,T)B(T,t'):[:dT 3

k,mq

w/2 . .
[w/Q del6—1(51+kw)t+z(51+m1w)TAkm1 (61)><

fw/Q d&,le—i(sg+lw)7+i(52+m2w)t'Blm2 (82) _

l,mQ —w/2

w/2 . ) ' ' )
( H Z [W/Q dgi) e—z(sl+kw)t+z(s1+m1w)T6—1(52+lw)7+z(52+m2w)t Akml (81)Blm2 (52) =

i=1,2n;,m;

w/2 ) . ’
( H Z f /2 dEi) €7l(€1+kw)tﬂ(€2+m2w)t 5(51 — &2 +Miw — lw)Akml (51)Blm2 (EQ).

i=1,2n;,m; <~

(A.61)
Then we can make the following substitution:
‘s € (~w/2;w/2) = (g1 —ea+ (M1 —w) =0(e1 — 61)5m171|
obtaining:
w/2 (erk . ,
ctt)=3 / , dee i Erhw)trilerma)t! o (VB (e). (A.62)
k,l,mg ¥
In the next step, we change the summation index as follows
|k = n,l > k,my - mq| to obtain
w/2 . . ,
C(t,t') = Z f P dee i (Ernw)txi(stmw)t Ak () Bem/(e). (A.63)
nm,k~ "%

After the Fourier transformation, C(¢,t") becomes Cy,,(¢) equal to the convolution

of two functions in Fourier space:

Cnm(é‘) = zk:Ank(E)Bkm(E)' (A.64)

A.6 Bare Green’s function in Floquet space

By definition, the bare Green’s function for quantum dot has following form

6, (1) = =il Teddo (1), d1u (1)), (A.65)
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Solution of the equation of motion for the bare Green’s function gfl 4 (t,t") of the

single quantum dot described by Hamiltonian H(t) = ¥, e4(t)d}dy requires the

time derivative of operator d,(t)

O (1) = i[H (1), do(t)] = i o WHO[H (1), dp e o 4 HE) (A.66)
— et [Sat"H(t') [H(t), dg]e—i [Sat'H(t") (A67)
=i Y caor (1) o WHO[ (1)dyr (1), do()]e™ I WHEO  (A68)
= —icge(t)et o WHW) g o=t Jo dHE) - _je o (1)d, (1), (A.69)

In result, we obtain

z‘atgzmdf/(t, ') = 6e(t =)o — i{Te{idpdy (1), di_,(t’)) = (A.70)
8ot =)0 50 —iea(t) (T {dy (t),dl, (¢)) = (A.71)
Se(t —t)0por + gd(t)ggmdfl (t,t), (A.72)

which can be recast to form:
(10— ea(t)) g, & (t, ') =6c(t —t")o50, (A.73)

where £4(t) = €+ A cos(wt) is time dependent discrete energy level of quantum dot,
62 is the stationary quantum dot energy level and A amplitude of the perturbation.
Writing the discrete time dependent quantum dot energy level e4(t) = X, Esae’i“kt
in Fourier space and applying the Langreth’s rule (A.57) we obtain the retarded

and advanced equation of motion form of the Green’s function
(10 0% =3 e’jc,e*iw’“’*)g;*“dT (t,t") = 8(t —t') 0y 0. (A.74)
k‘ (o] o

Here, our aim is to obtain time-independent equations. For this purpose, we apply

the Fourier transform to both sides of the equation

w/2

(Zat +4i0% = Zglcflgeiwkt) Z f dgefi(€+nw)t+i(€+mw)t'gr,a . (8) _
k nm <~

w/2 daadannm

Z /w//j d&‘e_i(€+nw)t+i(€+mw)t/5nm. (A.75)
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Rewriting the equation in the form

. O+ P (et mw) ra
(i0y £40%) > [w/Z dee 9y, dt nm(g)_

fw/z dae—i(€+nw)t+i(€+mw)t’e—iwktgk 7,a (5) =
n,m,k —w/2 dagd”’djr”nm
w/2 ) . ’
Z f dé_e—z(5+nw)t+z(8+mw)t 5nm7 <A76)

and substituting the following calculated derivative id;e*(*m)t = (g 4 nuw) e (E+mw)t

we obtain:
Z fw/2 (e 0" + nw) e_i(5+”w)t+i(€+mw)t’gr,a (e)-
w/2 dodl
w/2 . ' ,
2z [w/z dee et (n+k)wlt+i(e+mw)t 5§aggﬁdzhnm(€) _

We introduce the extra summation over the additional index k

> f de (e +i0" + kw) e (EHR)tri(esma)l’s - ria . (e)- (A.78)
e 4, dl km
w/2 . .
f dse—z[€+(k+k)w]t+z(6+mw)t 5 6 g (6) _
n,m,k,k —w/2 i do dt”k
w/2 . . /
Z f d8672(5+nw)t+z(s+mw)t Srums (A79)
n,m —w/2
and replace the index k by k =n — k to finally get
—i(et+kw)t+i(e+mw)t’ _
n;k‘[ de (e +i0" + kw) e On ke gd dl o (e)
w/2
—i(et+kw)t+i(e+mw)t’ n k _ra _
ot k.[w/2 dee 47 94, ! Jom (€)=
(A.80)

—i(s+nw)t+i(5+mw)t’6
Z /w/Q e
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In the next step we can skip the Fourier integration on both sides and write the

result in the form of time-independent equation

Zk:[(aii0++nw)5nk sgak] 9, dT,, (e)=1

=

r.a—1

g (6) = (e £90" + nw)dnm — g5 s (A.81)

dydf, nm

which is the bare Green’s function in the Fourier space.

A.7 Diagonalization of bare Green’s function

In the preceding part, we obtained the energy-dependent Green’s function in

Fourier space (A.81). Here we introduce A function [129], defined as follows
1 T . 1 T . .
A = {{onlttom)) = (0] = f dte My (1)) = (o] = f dte (M o (1)) =
[ dtez(n m)wt igy t<0’|U(t 0)|O’ [ dtez(n m)wt zad 7’]0 dreqs (1) _

f A dtez(n—m)wte—z ]0 dT(EdU(T)—ad)7 (A82)

where ((on| acts on a state in the Floquet space |ty )). The operator A fulfils the
following property

ZAJ A Ukm _ Z 1 /Tdtei(n-k)wte-ijg dT(ad(,(T)-ag)% [OTdte-i(k-m)wteijg dr (a0 (r)-€0) _
Zf dx z(n k)x _,fo dz(ego (2/w)-€9) /Tr dy —z(m—k)yeféfyodz(sdg(z/w)—sg) _
f T dx f T LY S ity i) o 4o ()< o f) de(an l)=25)

f T dx [ T dy ginz=my)=ik(z-y) = [T d=(zaq (2w)-0) _

7r27T 7r271'

[ [ dy O 5 — )l =55 f d(Ea (s1)=2)
us 271' T 27

f AT inem)r G- (A.83)

-7 27

Here, we used the mathematical property of the Dirac delta f(z) = [ d(z-y)f(y)dy.
The product of two A operators gives the Kronecker delta >, A, nkAU em = Onm- To
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obtain the diagonal kind of the bare Green s function D™ (¢) we act on both

oy o‘7n

sides of the inverse Green’s function g" (¢) by A operator

g,dz,m

1 1
D;adf nn(é?) ZAonkg;adT kl(e)AU’ln =

Z AJ el (€ £907 + kw)op — €dok-1] Aoyin =

Z AU (e £907) 0 A g + % A;nkkwékmmln - %} A;nked@k_l/\a,ln =

% AL (e 007 Ay + zkj AL bW g - % A o k-ihoin =

£+i0" + (Nw + £do ) Onn — Edon-n — Edok—10kiOln =

£ +10" + nw — £4o k-10k1 = € £ 107 + nw — €440, (A.84)

where we used the following relation

> AomrhwAl = (nw +€9) - cdgm-n- (A.85)
k

To prove (A.85), we need to rewrite the limits of integration in (A.85) in the

following manner

ZAU,nkkWA:r, o = f fﬂ— dy z(nxfmy)fik(xfy)kwe—%fyx dz(eg4o (2]w)-€9) _

fﬂ dx f d 'L(nx my)kwe w[ dz(EdU(Z/UJ) Ed) (A86)
Using the definition of the Dirac delta and its differential
1 A
S —v) = — ~ik(z~y)
(z-y) =5 Zk: e
10,0(x—y) =i(-i)kd(x —y) = ké(x —y), (A.87)
we perform some analytical calculations, to obtain

ZAa,nkkWA f / d i(na= my)lw[a (5(% y)]e w-[ dz(ggo (2/w)- Ed)

z(nac my)w}é(l‘ y)e wf dz(Edc(Z/w)—Ed)|7_T +

/W dm[ dyet T (1~ ) [nw — ego (2/w) + 9] w Ju 420 (Flw) =€)

" ;l—xel(”fm)x[nw —ego(z)w) +€9] = ;i—xel("fm)x[nw +e9]-
™ -m 4T
T dr el(n= m)””sda(z/w) = (nw + 52) ~ Edom-n- (A.88)

27T
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In result, the inverse diagonal bare Green’s function is given by

r,a—1 _ e
dedl’m(e) =e+i0" + nw - €400, (A.89)

where nw - €400 is the cigenvalue of Hamiltonian Hp in state |uy,)). Then the

inverse diagonal Green’s function can be written as

DY () =e%i0" — ({uoul Hrluon))- (A.90)

In a similar way, we can obtain the bare Green’s function expressed by A operators

and determine the diagonal part of the Green’s function in the Floquet space

r,a B + ra
gdg,d:r,,nm(g) - Zk:Acr,ndemdek(S)AU,km~ (A.91)

For the oscillating energy level g4(t) = €3 + A cos(wt) the operator Ay ., takes the

form

Aa,nm =

l fT dtei(nfm)wtefi fot dr(e+Acos(wr)-€9) _
T Jo
1 T : ot 0 0 1 T . ot
- / dtez(n—m)wte—z Jo dr(eg+Acos(wr)—€y) _ ~ [ dtez(n—m)wte—z Jo drAcos(wt) _
T Jo T Jo
% /T dtei(n—m)wte—i% sin(wt)’ <A92)
0
where we used the Bessel function property [161]

p-iasin(wt) _ 3 e ket g (a) (A.93)
k=—o00

1 T .
A - - f dtez(nfm)wt
onm = m f i

i e*ikwtjk (é) —

1 r7T S A 1 rT >, ; A

- dt z(n—m—k)th (_) _ = / dt Sk meim Z(k—k)th (_) _

T fo k:z_:oo ‘ "\w T Jo k;oo kn-m€ "\w

1 rT kad A A

= [ dt Y ke (;) = Jnem (;) (A.94)
k=—o00

to express the operator A by the Bessel function dependent on the Fourier coefficients,

the driving amplitude, and the frequency of the perturbation

Ao,nm = Jnfm (é) . (A95)
w
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Now we are able to transform the bare Green’s function as follows

5) ZA D" (€)Ag7km =

da,dg,nm onk™q. d kk

T,a A _
Zk: Jn_k ( ) Ddﬁvdzvkk(g)Jk_m (a) -

Tnk(2) Te-m (2)

) A.96

Zk: e+10" + kw - 2 ( )
and get the final formula

e = . A.97

gda,dzmm(g) Zk: €+ ZO+ + kw - 62 ( )

A.8 Mixed Green’s functions

Quantum dot - metal interface
The contour-ordered Green’s functions which describe the quantum dot coupled to

the metallic lead are defined by

G (1) = ~ilTe{o (1), dL (), (A.98)

o g (1) = ~i(Tef{cl (), dl,(t')}). (A.99)

To determine these Green’s functions we must solve the following differential
equations

0GE o (48) =il {Orenia(8).db (£)}) (A.100)

10, G s dT,(t,t') = —i(TC{atc;kag(t),dIr,(t')}). (A.101)

To obtain the solution of such functions we need to calculate the equation of motions
for the operators cypq(t) and C}L\,,m(t) with the corresponding Hamiltonian H (t)
defined in (3.1)

10Nk (1) = i[H (1), exre ()] = Ento (D)o (£) + Vide (1), (A.102)

idch (1) = i[H (1), e\, ()] = —enko (D)ek,, (8) = VidD (¢), (A.103)
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which give us

(10 —sN;w(t))Gika dT,(t,t’) = Vnga dT,(t,t’), (A.104)
(10 + enko(t)) GEL 7dT,(t7t/) = _VkG;L,dT,(t’t,)' (A.105)

On the left side of (A.104) and (A.105) there appear the bare Green’s functions
of the normal lead electrons defined by

v (1) = —i{Tefenro (), el (81, (A.106)

CNkoC ol

95 (t,t") = ~i{Tc{chy, (1) ennor (t)}). (A.107)

CNkU CNko'
For the normal metallic lead Hamiltonian Hy = Y., € ngcj\,kgc Nko the bare Green’s

function obeys

(iat _gNka(t))gc T (t,t,) = 5c(t_t,)5aa’7 (A-IOS)
CNkochkol

(i0; + eNko (1)) g% (t,t") = 0.(t —t")0por. (A.109)
CNko'CNko’

Substituting (A.108) and (A.109) to Eqgs.(A.104),(A.105), respectively, we obtain

Ge dzl(t,t'):Vk_/CdTgc (TG (), (A.110)

CNko> CNkosCNEo

c AN c
GCT d;,(t7t)_ Vk LdTngk

Nko>

oo, BTG (), (A.111)

Quantum dot - superconductor interface
Below, we present the equation of motion for the contour-ordered Green’s functions

for the quantum dot coupled to the superconducting lead, described by Hamiltonian

ﬁS = an’ ESQUCTSqUCSqU - Zq Ase (Cg—QTCqu + h.C.)

(10 - ESq) stq%d}‘ (tvt,) = _ASCGET ,di (tat,) + ‘/qulT,dI (t7t,)7 <A112)
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(i8t+ssq)ng ldi(t,t’) =_ASCGZS (t t') - VGd* dT(t,t’). (A.113)
—-q )

This set of entangled functions comes from the solution of the equation of motion

for operators

i01C5q0 (1) = £54C5q0 (1) + 010 Nsccly_ 1 (1) = 0o Asech_ (1) + Vodo (1), (A.114)

i0hely_ o (t) = ~€54C5_ 1o (1) = 010 DscCsqr (1) + G1oAsecsqy (1) = Vodi (1) (A.115)

To solve functions presented in (A.112) and (A.113) we need a solution of the

following bare Green’s functions

Zathqu o (t,1) = 0t = t') — (T {icsgo (1), cgqa,(t')}) (A.116)
7Sqt
z@thSqT (t t) =6.(t-t") - z(TC{zﬁcSqU(t) csqo_ (1), (A.117)
which give
(10 —esq)g. i (L) =dc(t—t") = Aseg” o o (), (A.118)
Sa1:Csqt gy
(10 + 250095 o (1) =—Deg® (L), (A.119)
g1 hat Sat:Csqt
Similarly, we can obtain a set of two equation for g + (t,¢"). In such way, we
CSqlC S¢
can obtain other required bare Green’s functions !
((i00)* - E5,) % 4 (t,t) = Ascle(t — 1), (A.120)
S—-q1""Sql
((2'8,5)2 - E,%q) ng et (¢, tl) = —Ascle(t - t,), (A.121)
5-q42%5q1

where Esq = ESq + A2,
Expressions for the bare Green’s functions, (A.112) and (A.113) can be trans-
formed as follow

(t8) ==V, [Ldrgly o (6T)G (1)
©Sql d,,dy

S—qt

C C !/
+fcdTgCSququl(t’T)Vqude(T’t)’ (A.122)

CSqT dT
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Gl gt =Yy [drgl (TG ()
ql’ t

5-q17€s

!
v, f Ay e (I 4 (). (A.123)

A.9 Contour ordered self energies

This appendix presents calculations of the self energies for electrodes. To solve
the Green’s function presented in (4.39) we need the self-energy functions in the
Fourier representation.

We start from the self-energy of the normal metallic electrode

()= Z 4 (mT), (A.124)

cch CNk: o€

which can be Fourier transformed in (4.32) into the following form

SANOE 3 R O R N s o e LR

CNcr:CNgvn NkoC N TV k 5:|:ZO+ +nw_£k-

where &, = enko — €F and ep is the Fermi level of the lead. By changing the

summation over the momentum vector into integration we obtain

o0 V2pk6nm
s - f d k , A.126
CNU,CN(,,nm(E) —o0 fkej:i()+ +nw— & 10 ( )

where pp is density of states of the electron in the metallic lead. Using the
relationship for n - 0

) 1
lim - -
n-0¢e€ 10" + nw — & £

=pw. Fimd(e £i0" + nw — &), (A.127)
where p.v. is the principal value, we get in the large bandwidth limit
zre () = Fimbum f dE V2 pr6(e £10% +nw — &). (A.128)
CNo:Cp T —o0
Assuming constant coupling for every momentum vector k: Vi, = Viy and pg = p, we

obtain
e (€) = FiTVE pdum. (A.129)

cNU,c}L\,a,nm
In the wide-band limit approximation, we obtain the constant coupling defined by

I' = 2mpV2, which finally gives us

18
e (e) = :FZTN(Snm. (A.130)

CNo»Cp gy
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To find the self energies of the superconducting electrode, we start from

o, (r,7") = ZVQ 9t ql(T,T,), (A.131)

csw S-q1€

where the bare Green’s function has the form

((i0:)* - E%,) 9% o i(t,t’) = Agbe(t —t). (A.132)

S—qt

From the double Fourier transform of (A.131) we obtain

(e) = ZV2 (e), (A.133)

CST’CSl’nm CS qT,cSql,nm

with

Asc(snm
g9 t

= . A.134
Cg_ qT,cngnm(E) (5 +10% + nw)2 - Eg — Agc ( )

By changing the summation over the momentum vector into integration, we obtain
@)= [T gyt
ST’ Sl’nm a q (6:i:20++TLW)2—§g—A§C
o0 )
N o
<lVS J % (e +i0% +nw)? - €2 - AZ,

_ VgﬂpA(Snm [O(Age — |e + nwl|) Fisign(e + nw)O(|e + nw| - ASC)]'
V(e £i07 +nw)? -

(A.135)

In the wide-band limit approximation we obtain the off-diagonal self-energy

50 (o < 5D D [O(Ase e + ) % isign(e + ne)O(|e + 1] = Ave)]
CLT,cgl,nm 2 \/|(5ii0+ +nw)2_Azc| .

(A.136)

In similar way, we can obtain the diagonal self-energy of (4.41). We use the Fourier

transformation of g (t,t")
Sql’CSql
= (e)= ZVQ e (e), (A.137)
S1Cg) CSq1:Cq
with
)
g () = (& + n)dum (A.138)

CSqvangnm (5 0% + nw)2 - 53 - Agc '
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Again changing the summation over the momentum vector into integration, we get

ra 00 pq(€ +nw)onm
" - [ Cagv; -
cSl,Cgl,nm(E) —o0 SV (e £i0* + nw)? - 53 - A2,

o )
:2 V2/ d (€+nw) nm
PYS Jo Eq(efﬂ:iOJf+nw)2—fg—A§c
—V2rp(e + ) Onm [O(Ase — |e + nwl) Fisign(e + nw)O(le + nw| — Age)] ‘

V(e £i07 +nw)? - AZ |
(A.139)

In the wide-band limit approximation the diagonal part of self-energy takes the
following form

s (c) = —Ts(e +nw) dnm [O(Ase — |e + nw|) Fisign(e + nw)O(|e + nw| — Ase)]
csycly mm 2 VI(Ei0" + nw)? - A2 '

(A.140)
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