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Abstract

Conservation iaws in the modelling

of collective phenomena

Over tłre last decades, traflic congestion. car łrccidents arrc1 pollrtticlrr ber:anre

clailv issrtcs. To rrrrclcrstarrd arrc1 ovelc]olllc roatl traffic ploblerns. scientist_s 1iom

diflcr,<,rrt trlscitr,<;1t fir,lrls irlc,<,r,<,a,tirrg atłr,art<:ctl lllatlrctlrirlit:irI rrl<l<lr,ls. \'Iat}rr-

rrratical rnorlels lrelp to rrrrclersttrn<l roac1 traffic plrenorrrena. develop optimal

rołrcl netrł.ot,k lvit}r efficierrt nroveurent of tt,affic arrd rrrinina]. traffic congestiolr.

This tłresis is clevotecl to nlitt]Iosr:tlpic tr:rffir; flow nrodel]itrg. iłrltir;lr describes

traIlic flor,v by variablcs arrcrag-ecl <lver mrtltiple r.ehicles: density. r.elot:itr. and

florv. \{ircrclscopic nilclels tratttl,alh- leird to corrservation lirrł,s. r,r,ltich are }rr-

pelt,llcllic, partial c.Iifferc-ntiirl equations. Irl rer:etrt \rears. tlris cl:lss clf eqttatiorrs

is tnolc i,r-iclclv ccinsiclerecl. brrt few theoretical rcsrtlts are ar.ailabie. This is

ciru-secl lx- tr,r,o rrrain cli{icrrlties. Tłre fornrer is tlre rrorl-lirteirr hl-perllolic rratrrre

of equtltions, ,,l,}lic}r lc;rcls tci consider r,vetrk solrrtions, irrstabilitics iT,rtcl clifflrsiv-

ity tlf rrlittx,r,it,aI -i<,ltt,rttcs. Tlrc lattel is tlrc tr<ltt-ttrtiq11(,ll(,ss r11 rvcak stlltttillrls

arrtl tlre rreecl trl irrtlocltrce exotic firnctiorrals tc-, seler,t a rttticlrłe plrvsicallv lea-

sott:rłlle so}ution.

Iri t}re first <llurpter, lvc itltt,rlr.lttce birsic idetr,s of trłrffic rrrodellirig. Fii,st" łvc

plesent t}rc trririłr clirssification of nrat}rernatical modcls rvith special attention

to tlre leve1 of cletails. Tłrerr rve list the differetrccs betrveen t}re clr.triurrics of

trłrffic fl<lrl, ittlc] thrrt of flolł,ing pirrticles. Ncxt. lvc sltolv tJre rllirlirnal lequirc-

trtctil.s to tlt-llistrrttlt a plrr.sii:ally reasclttallle trracrt-lscclpitl traflic flclll. tnt-,clel. \\re

delirLe tłtlee ntaclosctlllic valiables tcl clcsct,ibe traffic flolv. rrtlrrrelr, (averirge)



clensitv p, (avcrrrge) slleeci t, irrrci (irr.el,irge) fltlrł, /. \Ve clerive the ba,sic relatiorr

lletr,l,een tlrerrr arrci formltiirlc scalar, <lonserl,atiritr ltrrł,. Tłre chapter ends rł,it}r

a slrort J)Iesentatiolr of tlre rrrodcls rtrrcler cołrsiclcrtl,tiort. follorvecl bv the results

clbtairrecl clrrrirrg IrIv do(jtoral strtr]ios.

Tltc stlc,rllltI c,łrt1,1ltcl is tlt,lłltt,t1 t<l a cltlta,il<,tl tlis<,ltssirlti tlf ilasit: lllil(,r()-

sc<_l1.1ic tralfic florv moclels. Tlre first 1lreserrteci model is t]re rnot]el proposecl łl1,

Liglrtlrill, Witlrarn |7] arrd Riclra,rcls [10] (L\\R). It desct,ibes the tll-rra.rnics of

trilffic via, ir, sca,la,r conselvil.tion lar,t tttrclet,tlre lrvpotlresis tlrat 6,: L,(p) . \Ve

define a larefactioll wa\IeJ a słrock tł,ał.el arrd a c,ontact cliscont,inrtitr. fbr tlre

LWR nroclel. arrd clefirre the Riernirtrn soh,er RSltr-H. In tłre etrd. rve gir..e ir

list of clralvbacks of t}ie L\\,-R, urodel.

The rrext cotrsicleled urrlclel is tlre Aw. Rasc].e [_L] arrd Zlrarrg il i] rrrtldel(ARZ).

T}re ARZ nriclcl clorlsists of tlł,o conserr..atiorr larr-s. expressirrg tlte cotrservatiorr

cif t}re Lrutrr}let, of vehiclcs arrc1 tlre corrserl.atitln of tlre gerrerirlizecl rrronretrtttnr.

\Ąr'gir,'t'thtl basir: pr'()perti(,s tlf tlrc sl,ste,ttl, stltlh łrs cigt,rllr;ritlcs. eigcrrtł,c:ttlls

trrrrl the corres1lotiding Lagrarrgian rrralkers, _\ext. ule cottstruct tlre R,ierrra.nrr

solver RS,naz usitrg elcrnerttat\, \\,itvc.s. Finallr,. lł-e give dcfirritiorrs of rveak

łrtrd entropv solrtticltrs for t}re AR,Z rnodel cot,resporrrliirg to RS;lp2.

In tłre last pirrt of this chaptel. u,e tlescri}le nodels rvith pliase tran-qiticin

(PT). T}re PT rrro<]el treats cliff'eretttlv traffic rvitłr lor,r, łrrrd lliglr densities, ciri

thc }lllsis tlf entpiricłri strrclies. For t}ris reż]solI. rł,e ccltrsicler PT rrrodel clescrillelcl

llr' 1.lrt' LWR ulclclcl ori tlrt, sct ()1 t:tlllcsptlrrclitrg ttl tlrc ]<llł, clclrsitics rlrtcl tr 2 r 2

s\-stertr of conservrrticlrt la,rvs orr thc set 0. colresporidirrg to the high derrsities.

\\i: plcscrrt trvo Pr nrodcls. detrotr:r] łly PI" atirl PT/'. irrrcl irrtrothtcer1 irl

|3. 6] . Tlicrr rł,r, rcca]l frrirn ottr prrper |,"l] tlrc gcrlclirlizatirlll rlf t}rcsc tricltlr,ls

Ibl ctłses rvitlr a rrretastałlle phrrse (01 a'l śżc ł 0) ancl tł,ithottt a rrrctłrsl,able

plrrrse (()1 a 0. : 0), Ncxt, rł,e introdrrtle ir nciticirt of iłrlrrrissiłllc solutiori fbr

tlre Rietrra,rirr pl,ollletns a,l.<1 t'hen Rieniarlll so1velrs /]-g§p irlirl ft,a§5 ;1c]<]t]1,(lirrgh-.



Tlre c}taptcr ends rvitlr propositiotrs reglrlding consistenc:y irntl L,lr.-corrtinuitv

fbl,tlre Rietttariri stlh.ers RSrr arld RSs.

Irr tlre third clraptel. \\:e describe t}re LWR nrciclel rł,itlr a loctrl 1loirrt c,olr-

strairrt on t}re flolł,. N,Iore preciselv. rve cortsitler ir sittttltiolr irr rlhiclr t}rc max-

irtrttrrr flrlr,v ()f (:ill,s is lirrritt,d a,t ii fixtltl ptlilrt a.lrltlg tlrc rrlatl. rłrtrtiks trl sttt:lr

cclrrsiclerationsJ $-e carr tnodel traffic flor,r, thlotrg}r toll gates ol constrlrction

sites. \Ve clefine t}re R.ienatln scllver CRSrłvn arrd list its rnairi properties.

Tlretr r,r.e clc,firre tlte entropy srlltttiolr of the Cirur:lry ploblern ,uicl recall tlie

colresponding existence resrtlt.

The filrrrth chłr,pter is devoted AR.Z rnoclel rvith loctłl poirrt corrstlairrt on

tlre flou, itlltl our resttlts clbtainecl iri [B] . Irr our work $re prove the existence

of tltt, rł.eak soltttious. col,l,espclttdittg tcl a rrclłi-clt-ltrselvative Rieruarrtr solrrer,. ilr

the class cif fitncltiorrs rł,ith botnclecl variatiorr. Tlre goal is obttrirreci bv slrorv-

irrg tlre c]onvergence of a seclrrence of apploxirtlirte solrrtiorrs constrrrctecl rrirl

tlrc \Varłl Frrlrlt T'rat,killg tlrtltlr<ltl. N,Itlrc prtl<lisr:lv, r,l,c: itttrlltltrcel gt,itl, appl,()x-

imate Riernann solr,er CRS'|I.7, bv splittiłrg a rarefaction wave ancl corrst,ruct

approxilrrirte Cłrrrc}ry probleurs. Tlranks to the clecreasilrg in tinre functiorral

T. rve shol,l, t}ia.t the totrrl r,łrritrtiotr clf tlrr: ;rpproxintatccl solutiorr is rrrrifortul1,

llortrrdecl. lJ), Hellr.'s theorent rve ołltain convet,genc]c rl1 a1l1lroximatecl solu-

tiotrs irnd t}ren rve shor,v that tlre lirnit frrrrctiorr is irr<leec1 a rł.eak solrrtiorr to tlre

Cirttchv plolllerrr for tlre ARZ nloclel rł,itlr klr;al poitrt cilnstrairrt on the florł,.

Itl tltc lift}i clraptcL. r,r,c dcsct,ibc tlre rrrtltlclls PT" alrtl PT/'r,vitlr tlrc, lo-

cal poirrt t:orrstrirint otr t}re I]orv arrd 1lresetrt otlr results olltt.,irrecl in [ó,2] ,

N{ore precisclv. rł,e irrtrorluce Riernanll Solvers CRSą ancl CR§5, brlth r,r,ith ir

rnctirstalllc plrirsc trtrcl withorrt a mcta,stablc pliirsc. T}rctr rł,e cxirntitrc tlrcit, c,ori-

sisterrc:y. Lf,r,,-continrrity anrl irivirriirrit dorrrains. Thc rernrritrder of the challtcr

is rlevotcd to tłre existetrce result of a lł.cak sohrtiorr in t}re class of f1.lrrctiolr

rłlitlr bortri<led virriirtioii fclr tlre p lp rrtorlcl rvith a nretastable pl-rasc. Tlie gołrl



is obtirined by słiorłlit-lg tlte ccirtvelgence of żt seqtlen(]c of approximirte -qo]u-

tiolrs constrttctr:cl vitr \\iale Ft,orrt Tt,acking nretłrcicl. Sirrrilarlv to tłre resttlts

frorrr t}re pleviorts clrapter. u.e defirte grid arrt.l trpploxinrate R.ienlanrr solvcll

CRS\" . Thett r,r,e intrclcluce the clelcrc:rsirrg in tinre fitnction T arrd s}r<lu, that

tlrrl apptrlxitttirtt, stlhrtitlrl lrłts btltttt<Ir.tl variir,ti<lrl. tlrtl ntrrrlbel tlf $,it\.tls Att<l

interacticlrrs is finite in finite tirrre. \\'e apply flęl1."s theclt,enr ancl thcrr sholv

that tlre limit firnction is irrr crrtrcl1l1, solrttiorr cif tłre Carrchy pt,oblern lbr the

Pl" lrroclel rvith tlre rnettr.sta,ble phżrse.

The sixth chapter is clcl.otcd to tlrc rcsults łlllt,łrirrcd in conferencle proceed-

irrgs |9,4] . \Vc cotrsidcr t}rclc trvo nrircr,<lsccillic rrrodcls orr loa.d netr,r,orks, The

fornler is t}re L\\-R, rnociel lvith nrovirrg constrairrt otr tlte flolv. The crlrrccpt of

ttlovirtg coristl,airrt orr tlre flt-lrv allolr.s us tcl rtloclel sitrraticltrs itt ivltich a tluck

(or otllel sloner vehii:le) reduces ttre flor,v at its positiorr. Frorrr a trrathcrriati-

c;rl poirrt of vieu,. tlte constlairrt is giverr by t}rc orclirriłrv differerrtitrl eclrration

tlc,llerlrlilrg <lrr thrl tra.jct,ttlrtl <lf tlrt, trtt<:k. \\'c gir.e ir tlctailccl tltlst:r,iptirllt rlf

tlie noclel for a rtnidirectiorral rclaci, irrtrilclrłce tr R.iernanrr solver BR5;11-p arrcl

gcucraiize it fbr the c;rse of road netltorks, T}re 1iTttelr cclrtsiclerclcl urodel is the

P I' rnodcl introclrrcecl irr tllc sr:ccitlcl chirptel. MIe getierłrlize it to the cłrse cif

roacl ncl,rvorks łlr,, introchtcing an appltlpliiłte R,ienann soh,el,.

At lerst, fbr tlic sake of claritv arrd to eiłse of i:orrtprehensicltl. lve ilef'er to

t}ie :łpllenclix techtricrr1 proofś.
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