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'I'he subject of the dissertation is the density Turńn problerrr for graphs a,rrd }rypcr-

graphs. The namc of tlris problem comes frorn Hungarian mathemtl,ticia,n Ptil Ttrrórr rł,ho

formulatcc1 the foiioił,ing problenr. Fol a giverr graph G : (r(G) , E(G)) anc1 a natural

rrurnlrlcr n we lvirnt to clctermitle tl rrtirxirnurrr rrumllel rlf erlges (tłrc Trrrń,n ttltrrr}lcr cl:(.Cł. rt,))

irr graph of order n whic}r does not corrtain graplr G as a srrbgraplr. Eaclr grap}r with this

property is called an extrerne graph of graph G.

Another Trrrńn tl,pe ploblem considers a graph G togcther lvith some furrction de-

telrrlirlccl oIt its sct clf cdges f : E(G) + ((), 1] (this function associatcls to cac,h cdgtl

some valuc called a density). This kind of problem seeks to detelrnine some conditions,

r,vlrich the fl_rnction f' should satisf1. to ensure the cxistertcc of ir given graph G irr eaclr

)V(G)]-partite graph ts[G] with edge densities sct by the functiorr /, lvhere B[G] is called

a bloul-up graph alld is defined in the foliowing rvav

1" Iirst we repleace eacłr vtlltcx ,i € V(G) by a clustt-.l, A, (a sci, clf'itldeperrdertt r.elticcs).

2. next, if veltictls i,, ,i e V (G) irt,r; arliacr:trt irr G (tlrat is :ln e<lge e. : i.j ę Ii(C}) exists)

we create edges in B[G] between vertices of cliusters ,4; and Ai @ot necessarilr. all

of them, brrt at least orre).

A graph G is called the transuersaltn the blot-up graph 13|G]lf there exists a honro-

morphism

ę: V(G) ) V(BlG])

su.cli tlrat ó(,i) e '41 filr all vtlr,ticcs i €V(G).

For a pair of clu,sters ,4; a,rrd ,4, in the blor,v-tlp graph B[G], u,here e:,i.j e E(G), a,n

edge density, denoted by d,: d(Ai,A)), is defincd as a sum of weights of cdgcs between

the clusters ,4i and ,47.

In the density Turńn problem we want to lind a critical density (honrogcneous case)

ol formulate an algoritm u,hich tests wirether the given filnctioir f errsures the existence

of transversal G in each blow-up graph B|G] with plopcl cdgc dcnsitics (inhomogcneous



case). In t,his clisscrtation lve prcsent known results of t}ris sułlject nratter for rlifierelrt

classes of graphs, among others. for trees anrl cr"clles, The lesearch u,a-* mostlv irrspired by

papels 13], [4] and [5]. tr'urthermore, there a,re presented orvn restrlts, rł,hich genera,}ize thtl

clensity Turńn problerrr for other classes of graphs rrncl hypcrgraphs (publisherl in papcrs

[1] ant1 [2]).

For a graph G the crtt,t,cal, density is defined as a minimurn nurnber d, whiclr ensules

tlre existence of transversal G in every blow-up graph of G with the propcrty, that eac}r

edge dcnist1, d. satisfies the conclitiorr d" > d.

Irl 1,}ris rł,clrk lłłl extent-I tlttl rloticln of critir:al clcrlsity ttl ltypelgraplr irnd prcscnt tltt:

lorver and uppcl bounds for critica] density for 3-uniform linear hypcrtrees, Thosc bounds

are rleternrined by the maxirnum eigenvalue of the adjaccncy mtltrix of hlrpertrcc. Fur-

therrnclre, lve give the hyllererlge structtlre of optimal constrttction of extlerne hypergr:rph

for this kilrd of hl,pertrces.

Let {7"}6; be a sct of densities on edges in a graph C] defined b}, the firnction /. Ule

sa\r that the set {1,,}r, ensules the existerrce of transversal G in each blorv-up hypergraph

B|{}j h rvlrich the condition tl. ż 1" holds, if the grallh G is a trirrtsvcrsal in /]|G].

\\ł: sta.te and plove t}reorr-.rrrs r,vhich describe necessa,ry and srrfhcient ilonclitions łvhich

tlrc givcn set of densities rnust satisfy to errsure the exisl,ence of thc transvelsal. Results

inclrrded in this r,vork concerrr unicyclic graphs with a cycle ć,'3. unihypercyclic linear h1-

pelgraph rł,itlr a lrypelcyclc C3 arrd lincar }rl.pelr,lrilt:s. Additiolrally, r,ve givel atrd sltrlrł,

correctrress of algorit}rms łvhich allon, to test in efficient rvay if a given set of derrsities

ensures. or does nor ensurc, the existence of transversai for considered graphs anr_l hr.per-

glaphs.

To prove obtainecl results we use rrrethods of optirnizal,iorr, linear algcbla, spectral

grap}r thcor1, and the notion of thc multivariate mertching polynornials of graplrs irnrj

1ltpet,gt aphs.

\Ą''c statc somc opcn problerns for ftrrther consiclerations.
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