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Original motivation of MTh-Homology Theory:

Already Thurston observed,
that in order to avoid
pathological cycles,
one should restrict
to considering measures
- that are bounded
(in particular
never w(A) = +oo
- and that have

compact carrier.
- |t satisfies the

Eilenerg-Steenrod Axioms

(at least for normal

spaces), and therefore gives
the same homology groups as
singular homology theory

with real cofficients

for all triangulable spaces.




| ldea of Milnor-Thurston Homology Theory

- Replace classical singular chains 2 ;-3 4, 67 by measures
on the set of all singular simplices

- a boundary of a measure can be constructed by observing: The face map Céjf*
. . L —J
- face maps induce continuous maps ( i X\ Al b

- continuous maps ) Z‘ push measures forward according

E
contaijs\the measure p . ('![1?‘)} {ﬁ) ?‘/{1! (/f'f
-Then 9. (V) =S " (1), (1) mates

sense and defines the Milnor-Thurston-chain complexf (X}

Define Milnor-Thurston Homology groups as .
homology-groups of the chain-complex

b, X:=Z(x) /(5 (x)

Associating E A 6 —> correspondmg counting measure induces
canonical homomorphisms HK{X,R) ......;a?fk 7%




The definition of the Gromov-Norm (also called: the simplicial volume)
extends from singular to Milnor-Thurston theory:

Milnor-Thurston-Version of the
Gromov Norm:

Ordinary Gromov-Norm:

» #ye ol T L
Mia*@q& n’“ ~F L o I Q‘!

where o; are singular simplices
& a; are coefficients

i Vi = fx U4+ 1)~ where

V:= pytey ~ Is the (unique) Hahn-decomposition
of the signed measure v into positive measur




possibilities to represent the fundamantal cycle

The one-sphere: E [‘ I[S(]" 0 bcaﬁf@

Although a singular simplex canin

A przetzel:
principle cover arbitrary high
hyperbolic volume

Thurston's process of straightening

simplices
allows the statement, that w.l.0.g any simplex can cover at most the volume

of the regular ideal simplex (:= v, in dim. n).
Therefore [ M ||=Vol(MIv,
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Since MTh-Groups are vector spaces, the only algebraic invariant is the
dimension. Therefore it is often more interesting to ask:

-Is H, (X} — £, (x\ onto?-Or whatis ;){k(;(\ \ im(Hk(X\) '

- Is Hk (X) —f, ( X\ 1-172 - Or what are the cycles from the kemel?

This example I1s about to show, that injectivity does not automatically
hold for this canonicak homomorphism,

not even for the zeroth homology.

The space has two path-components,
but with a measure cycle

one can "walk" from one component to the
other:

The space X and its path-components A & B

Paths in X

A continuous system of paths with a
continous measure on it

“
#
{ ) A non-measurable set

A measurable set




Please observe that our non-injectivity

The precedlng example was based on example easily extends to higher dimensions:

two aspects of non-triangulability |
‘ = ‘ / : connecting arc in
- non measurablllty - solid handlebody of genus 2 the forth dimension
-a'T,-only topology.
(comes in by additions using the cofinite
topology to ensure copact
carriers fr the measurs)

fibers connecting the core line with the surface core line

Replace in such a handlebody each fibre by our non-injectivity example.

We obtain: H,=Z
and Hz =0

although:
- the fundamental cycle of H, has non-vanishing Gromov-Norm

- The space can be covered by finitely many contractible sets.



From [Z(MTh)] (1998) . The canonical homomortism Is not surjective.

From [P(Dr)]: (2014) The groups are not even abstractly isomorphic:

(But in this case we have injectivity!)



Results of Przewocki for %8 man r
| .

[P(Dr)], partially
also [P(Publ)]

LIRY 19) i O fe k2 2. also for the spaces considered in 0.) & 2.)

-ih-_..-!

I‘:I) &/ ,,w,( ( U(ﬂ/ \ une’ ttbl. because of cycles such as —
. %‘f/ﬂ 45’ /_lf

(But Iin this case we have
Injectivity also!)



Further injectivity-results for Ho(X) =2 Ho(X) by Przewocki

- For Peano-Continua (also "surjective") ([P(PhD)] and [PZ])
- for spaces with Borel-Path components (")
- for Polish spaces [not yet published]

(involves the concept of universal measurablility, and that in this case
the path components are universally measurable.

Although all currently known results tor non-injectivity
are based on non-measurable sets, the assumptions
for our theorems are still quite restrictive:



~measurable cohomology

Results from [KPZ] ( ' e
| Rl e0—m—m—
(main initiator: Thilo) aH ‘X' ) 9{/\(/}

I'he basic cocycle arg& I i A standard diagramme-chase argument gives:

The canonical homomrphism K. * "“’ . . .
& its dualization: Hy (4.IR) 3 Xu( (/(/ K sur. = x, Inj.
Thm.0.1 Via bounded cohomology
- and the fact that
X 2 c'tbl T, -space, S ker(K.,) can contain only s
x(X) ctbl, gTh-cyclss with CL (X)- [r¢, Bt Vo), (¥. Fl, R))
X has acontr. generalized univ. covering romov-iNorm z€to. « T )
space in the sense of [FZ]. v Eﬂ”aﬁh p
strongly inj. module
Thm.0.2. X with c'ble =, for all k The cocycle argument, together with
X has a gen. univ. cov. space in the sense of [FZ] a straightening, defined via acyclic
homotopy classes of simplices rel. < isiniective models, for making an arbitrary
vertices are Borel for X > i J ' cochain piecewise constant on Borel-

t
X covered by finitely many Bprel sets Sels

whose closures are compact & contr. in X

Example for Thm.0.2: Qy
’ _ with Y = compact metric triangulable space

L
Q l I
Q4 " . .
5 » \\ /ﬁnltely many attaching points.
P2




- All homotopy classes of paths in this
space can be represented in an arbitrary
small neighbourhood of the central point

- therefore the topology of 1, is indiscrete,
having only two open sets

- the same holds for the Borel-c-algebra.

- But 114 is uncountable

- Therefore the homotopy-classes will be
non-(Borel)-measurable.

But this space is a Peano-continuum.



solid handlebody of genus 2 connecting arc in
the forth dimension

fibers connecting the core line with the surface core line



(To be published in [KPZ], JanusZz' insight)

In Thm.0.2 the Assumption " x; c'tbl" was necessary,

because for generalized covering spaces lifting of sets of
paths may be non-Borel-measurable.

It must be so, If

- X is Polish
- semilocally simply connected at the base point x,

- m,(X) unc'bl.

The lifting of

endpoint at  x, endpoints over x,

S5 (X
//

singular one-simplices.

cannot be Borel-measurable



Milnor-Thurston homology groups appear not to be the solution
for wild spaces, because:

1.) They do not reflect an infinite shrinking-wedge structure
of a space correctly (as seen for the Hawaiian Earrings)

2.) They can behave very nasty, if spaces have connections, that
that cannot be realized by paths

3.) 3 uncountably many 0-1-sequences, and thus even for spaces with
a countable structure ofter uncountably many alternatives occur.
But measures have little compatibility with uncoutably unions
(as seen for the Warsaw Circle).

Milnor-Thurston homology Theory will probably only be
of little use in wild algebraic topology.

Thank you for your attention!



Definition 1.5. Let ¢ be a topological group. A G-module UV is called
relatively injective if any diagram of the form

Vl <=*z Vg
7 ;
¥

U
can be completed. Here i: V; — V5 is an injective morphism of G-modules,
o: Vo — Vi is a bounded (not necessarily G-equivariant) linear operator
with 0 oi =id and || ¢ ||< 1, @ is a G-morphism, and we want /J to be a
G-morphism with Joi =a and || 7 |[|<|| o ||.

(3.2.2) LEMMA. For any Banach space V the G-module B(G V) is relatively injective. In
particular, the G-modules B(G*) are relatively injective.

Proof. We consider the situation pictured in diagram (3.2.1), in which U =B(G,Y) and
we need to construct B, and all the rest is given. We define p by the formula p(¥)(g) =
&(6 (‘]'6)) (). a calculation, which contrary to tradition we give, shows that » commutes
with the action of G and that pesi =«. Namely, -P(‘*/-f)(q) =4 (8(g-(h-v))) (1) =26GhV) V=
PNgh) - b p)(g and pOL)(G) = £E (3 WP () v=26( (3UNE) =4 (Eei(gN)) =£(g YD =§-4DW

&(ﬁ)(%). Moreover, obviously IP(ﬁ’)(a)l-IL(ﬁ((]-‘ﬂ'))(U|?<|L(5(?'13'))|<|L|‘|5|'|T15'I(I-LI-IITI . It
follows from this that p is a bounded operator and that f p|<|¢,| , Wnich finishes the proof.




The Hawa"an Ea mngS The analogous construction with The analogous abstract

1 1 2-spheres embedded into R* construction is called:
= = S
2= 2= \/( ) is the so-called

"A h . k. "
Barrat-Milnor-Sphere shrinking wedge

or e
_ N (symbol:
Two-dim. Hawaiian \/ )
EQrrings | The abstract definition of the
"N NS
VB = H-°= \/ (S?) topology of \/(X) demands, that

a neighbouhood of the wedge-
point has to contain almost
all copies of the space X entirely.

- countably many circles

-Whose radil are given by a null-sequence
- embedded as shown in the figure
- 80 that they have one common tangent point
- and topologized by this embedding.




